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Abstract

In the case of any bounded open set Q C R? with boundary 9Q, we first construct a directional
trace in any direction @ of the unit sphere, for any u € L*(Q) whose the directional derivative dpu
in the direction  belongs to L*(Q). This directional trace is shown to belong to L*(9%, ug), where
1o is a measure supported by the closure of all points of 9 which are the extremity of an open
segment directed by 6, included in Q. This trace enables an integration by parts formula. We then
show that the set H(Q2) containing the elements of H'(Q) whose the directional trace does not
depend on 6 is closed. Tt therefore contains the closure of H* () N C°(Q) in H'(2). Examples where
HL(Q) = HY(Q) and HL(Q) # H'(Q) are provided.

1 Introduction

Let d be a strictly positive integer and let {2 be a non-empty bounded open subset of R?, with boundary
00 = Q\ Q. We focus in this paper on the notion of trace on 952 for the elements of H!(2), in connection
with the existence of an integration by parts formula.

Let us recall that the notion of trace is standardly introduced in the case of domain with Lipschitz
regularity. The existence of this trace is obtained through regular local charts which transform the
computations at the boundary of the domain into computations on the boundary in R? of the set R x
R?~1 (see the seminal paper [9], and see [5, Theory of traces] for the introduction of local charts). Then
the trace of any function u € H'(Q) can be defined by passing to the limit in the space L?(99Q, H41),
where H9~1 denotes the (d — 1)-dimensional Hausdorff measure on R? (see [8, Definition 2.1]), on the
restriction to 9 of continuous functions converging to u in H'(Q).

Hence, for more general domains, it is natural to extend this procedure, by defining the trace at the
boundary 99 for the elements of the closure of H(Q2)NC%(Q) in H(Q), denoted by H'(Q). This yields
the following definition of the approximative trace [2, 3, 4, 16]:

Definition 1.1 (Approximative trace). Let Q2 be a bounded open subset of R? and let u € H*(Q). We say
that p € L?(0Q, HP™1) is an approzimative trace of u if there exists a sequence (un)n>o in H(Q)NCO(Q)
such that the sequence (un)n>o0 converges to u in H'(Q) and the sequence (un)n>0 converges to ¢ in
L2(0Q, HI~1).

This definition is used in [2] with the objective to study the Dirichlet-to-Neumann operator, under the
hypothesis that H?~1(9€) < 4+oc and that the only trace of 0 is 0 (this last condition is sufficient and
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necessary for the uniqueness of the approximative trace). This uniqueness property is discussed in [3]
and is intensively studied in [16], considering functions on the boundary only locally integrable for the
measure H4~! (counter examples for this uniqueness are given in [4, Example 4.3] or [6, end of Section
3]). As noticed in these works, this uniqueness property is related to the fact that the boundary of the
domain may include points which are not connected with €2, and are therefore not supporting the trace
of the elements of H'(2).

Similar observations are done in [17], in order to define the trace of functions of Sobolev spaces WP (Q)
with p > d on the boundary of general domains, with introducing a notion of “a-accessible points”.
Following the same kind of ideas, we define and study a measure on the boundary, denoted by ug,
depending on the direction # € S, where S is the unit sphere of R?, whose the support is determined
by the set 92, containing the points of 92 which are the extremity of open segments directed by 6 and
included in € (see Definition 2.5 of a directional measure). A series of properties of this measure is proved
in Section 2, including an important one concerning the negligible sets for this measure (see Lemma 2.6
and corollary 2.7). The remaining of this paper is then devoted to the definition and the study of trace
operators which are integrable for the measures (1g)ges-

A first step in this direction is the definition, in Section 3, of a trace operator called the directional trace,
whose domain is the space Wy(£2) of all functions of L?(2) whose directional derivative Jpu also belongs
to L2(€2). For fixing ideas, let us suppose that § = (1,0,...,0), and then that Jgu is the derivative with
respect to the first coordinate. Lemma A.1 in the appendix shows that the elements v € Wy (£2) are such
that v(-,y) € H'(wp(y)) for a.e. y € R such that wy(y) = {s € R, (s,y) € N} is non-empty. This
lemma is then extending some results proved in [13, Theorems 1 and 2], or in [8, Theorem 2 p. 164] for
the whole space, to the case of Wy () for a general bounded open domain . The directional trace vou
is then defined as the one-dimensional trace of the functions v(-,y) at the points of Jp€2. Hence, in the
case of regular domains, the directional trace of a function u € H(2) C Wy(£) coincides with the trace
in the sense of [5].

We then show in Theorem 3.3 that this directional trace ygu is uniquely defined, up to negligible sets
for the measure py. Theorem 3.5 states that it belongs to the space L?(99, ) and that the following
integration by parts formula holds for any u,v € Wy (9):

/Q(u(x)é)gv(x) + o(@)Bpu(z))dz = / You(2)vev(2) — Wfou(z,e(z))lev(z,e(z))dua(z)’ (1)

LY) |z — 29(2)]

where the point z4(2) is the first intersection between 92 and the half line starting from z with direction
—6.

We then observe in a second step that the elements of H'(Q) inherit the properties of the elements of
Wy (€2), since H'(Q) = Npes Wo(€). Then, for a given u € H*(2), the question whether the values of
You(z) at a given point z € 9 are or are not depending on 6 arises. Indeed, in the case of regular domains
for which there exists a trace for the elements of H'(£2) in the standard sense, we already noticed that
this standard trace is equal to the directional trace in any direction # € S. Indeed, situations where one
can find 0 # ¢ € S, A C 9Q with pg(A) > 0 and pe(A) > 0 and v € HY(Q) with veu(z) # veu(z)
for pg-a.e. and pg-a.e. z € A are easy to provide (see examples 4.4 for a one-dimensional example of a
non-connected domain, and 4.5 for a two-dimensional example of a connected domain). Note that, even
in such situations, the integration by parts formula (1) still holds in H'(f2) using the directional traces.

Since, in the case of a general domain, a unique trace function satisfying integration by parts formula
cannot be defined for all elements of H'((2), we define the set HL(Q) of all u € H'(Q2) such that there
exists a unique function tr(u) € L2(0%, (1g)pes), which coincides with ygu for all § € S. The space
L2(09, (119)pes) is defined as the equivalence class of functions belonging to £2(9<, 19) whose the norm
is bounded independently of 6 (see Definition 4.3). We show in Theorem 4.6 that HL (), which is



therefore the domain of the operator tr, is closed in H'(Q). This trace operator can then be used for the
study of variational problems in general domains, since H. (f2) is a Hilbert space, and since the trace of
u € HL(Q), equal to the directional traces by construction, therefore satisfies the integration by parts
formula (1). Note that, in the case of regular domains (see examples 2.8 and 3.8), the right-hand side of
(1) can be expressed through the use of the outward unit normal to the boundary n(z) and the measure
HIL:
/ (u(z)Opv(x) + v(x)dpu(x))de = / tru(2)tro(z) 0 - n(z)dH4 1 (2).
Q a0

In the case of a general domain (see Example 3.4 of a cuspidal domain), it may happen that the measure
H?~1(2) be defined a.e., but the function z + tru(z)trv(z) 6 - n(z) be not integrable (such questions are
discussed in [15]). We nevertheless prove in this paper that, even in such cases, the combination in the
right-hand side of (1) between the values of the traces of u and v at the two boundary points z and z4(2)
always provides an integrable function for the measure pg.

A consequence of the fact that HL () is closed in H'(Q), is that it contains the closure H*(Q) of
H(2) N CO(Q2), which proves that the limit in L2(99, (119)ges) of the restriction to the boundary of the
elements of H'(Q) N C°(Q) is unique, contrarily to the approximative trace in the sense of Definition
1.1. We present in this paper a few examples where the notion of approximative trace in the sense of
Definition 1.1 cannot be used, or leads to uniqueness problems.

As a consequence of H'(2) C HL(Q), we observe that HL () = H(Q) necessarily holds in all cases
where H!(Q) = H!(), for example in the following situations:

1. In the case where 2 is a Lipschitz domain, which implies that the trace constructed in this paper
coincides with the standard trace;

2. In the more general case where € has a continuous boundary (in the sense of the existence of
continuous local charts) [13, Theorem 2 p.11];

3. In the case where Q2 is bounded by a Jordan curve [12, Theorem 1 p. 256]. This includes for example
the case of the Koch snowflake domain [11].

But we show on some examples that HL(€2) = H' () also holds in cases where H!(Q) is strictly included
in H..(Q).

Note that all the results of the present paper can be extended to the case of W1P(Q) for p € [1, +00).
Nevertheless, many open questions remain to be handled:

e The properties of domains 2 such that the trace as defined in this paper and the approximative
trace coincide have to be specified.

e The link between the collection of measures (ug)pes and the harmonic measures on 92 remains to
be established in the general case, in the spirit of [7].

e The existence of situations where the directional traces of elements of H*(£2) in all directions § € S
can take more than two values must be studied.

Notation for the whole paper:

e The dimension of the considered space is a strictly positive integer d, and R? is defined as an
Euclidean space, with the Euclidean norm denoted by |z| for any = = (z1,...,74) € R%.

e We denote by Q C R? a given non-empty bounded open set, and we denote by 9 its boundary.
The diameter of €2, that is the supremum of the Euclidean distance between two points of €2, is
denoted by diam(Q).



e We denote by A\’ the d-dimensional Lebesgue measure in R?, and we simplify the notation d\%(z)
in dz, for € R?; we denote by A%~! the (d — 1)-dimensional Lebesgue measure on any hyperplane
of R4, identified with R?~! by any linear isometry.

e We denote by H%! the (d — 1)-dimensional Hausdorff measure on R.

e Let (E,T,m) be a measured space (T is a o-algebra and m is a measure on (F,T)). Any subset
of E is m-negligible if it is included in an element of T such that m(T) = 0. Two functions f,
g: E — Ron E are m-a.e. equal if the set {z € E, f(x) # g(x)} is m-negligible.

e We denote by LP(E,T,m) (resp. LP(E,T,m)) the space of all functions from E — R (resp. all
equivalence class for the relation m-a.e. equal) which are m-measurable for the o-algebra T on F
(that is m-a.e. equal to a measurable function), and whose power p is integrable for the measure
m defined on (E,T). We omit 7" when it is the Borel algebra on E.

e Due to risks of confusion with any ordered pair of values in this paper, we denote the open real
intervals ]a, b[ instead of (a, b).

2 Directional measures on the boundary
Let S be the unit sphere of R¢ for the Euclidean norm, that is
S={zeR? |z| =1}
For any 6 € § and any z € €2, we denote by
do(z) :=sup{s € [0, +00),Vt € [0,s], z+t0 € Q} and zp(z) := = + dp(x)0 € 09, (2)
and we also denote by

lo(w) 1= 0g(x) + 0.9(x) = [29(x) — 20(2)]. (3)

Note that zp(z), z.9(z) € IQ and £y(x) are constant on the segment {x + s6, —d.9(z) < s < dg(x)}. If we
denote by z € 92 the point z¢(x) and by z € 0.4 the point z¢(z), we can uniquely extend by continuity
the function z and ¢y to the point z with setting z9(z) = Z and ¢y(z) = |z — Z|.

For any z € R?, we denote by Py(x) = 2 — (- 6)6 the orthogonal projection on the hyperplane Hy C R?
orthogonal to 6 passing by 0.
Let us define the following sets:

Vy € Hy, wg(y) = {s € R such that s +y € Q} CR. (4)

Note that, for any y € Pp(2), we(y) is a non-empty open subset of R. We then denote by Zy(y) the non
empty countable set of disjoint bounded open intervals such that wy(y) = U] a,Bl€To (y)]a, Ol
Let 052 be the part of the boundary defined by

0p€) := ZQ(Q) (5)
We then denote by -
00 = | J 99 c 09 (6)
0esS

We have the following properties.



Lemma 2.1. Let z € 99Q. Then wy(Pyz) is a non-empty open subset of R and there exists |, B[€ To(Ppz)
such that z = Pyz + 0. Therefore

0 :={z€80,3Ir >0, Ve (0,r),z—t0 € Q} = {B0+y, y € Pa(), o, Bl Tu(y)}, (7)
and
Po(Q2) = Po(0p). (8)

Proof. Let © € Q. Then, letting y = Py(x), there exist |, S[€ Zy(y) and s €]a, B[C wy(y) such that
x =50 +y. Then z := zg(x) = SO+ y € 0o and Py(z) = y. We then notice that, letting r = § — «, we
have x = z —tf with t = f — s € (0,7r). O

Lemma 2.2. The closure and the boundary ofgfl are equal to Of).

Proof. Let z € 99, and let, for all n € N, z,, € Q such that the sequence (z,),en converges to z as
n — +o0o. Hence x,, # z for all n € N. Let ,, € S such that

0, = ;(z — ).

|z — 2y

Let z, = zp, (xy) =, + %0, (@n) (z — x,). We have z, € 90 and

|z—2n]

since z belongs to the half line issued from x with direction 6,,. Therefore
|z = 2n| < |2 = @nl,

which proves that z belongs to the closure of 99. Hence Of) is a subset of the closure of 9Q. Since 09
is closed, this concludes the proof that 92 is the closure of 9. Since the interior of 92 is empty, we get
that 952 is the boundary of 0f. O

Lemma 2.3. For any 6 € S the function dg : @ — R is lower semicontinuous and therefore measurable.

Proof. Let x € Q, and let A < Jp(x). Assume that, for all n € N with B(x,n%H) C Q, there exists
x, € B(z, %_H) such that dp(z,) < A. It means that, for all n € N, we can find ¢, € (0,\) with
Tp + 1,0 ¢ Q. Let us consider a subsequence () for n € N such that ¢,y converges to some t € [0, ).
Since the complementary of 2 is closed, and z,(,y — = as n — oo, we get that 2+ ¢ Q. This contradicts
0 <7< )< dg(x). Hence there exists n € N with B(z, —5) C Q such that, for all y € B(z, —15), it

) T—l-l 9 T_;'_l
holds dp(y) > A, which concludes the proof of the lemma. O

Remark 2.4 The preceding proof could be extended to prove that the function defined on § x €2 by
(0, x) — dg(z) is lower semicontinuous. O

Definition 2.5 (Directional measure on the boundary). We define the measure pg on the boundary of
Q by

o) = [ xalo(e))da, for any A € B(oR), (9)
Q
where x4 1is the characteristic function of A and B(0R2) is the set of all Borel sets of O (that is the

intersection with OQ of Borel sets of RY). Then pg is a finite non-negative o-additive function on B(9S2)
(that is to say a finite measure on B(9SY)) since it is bounded by A\%(Q2) < diam(2)?.



Lemma 2.6. Let 0 € S. Let A be a non-empty element of B(0gQY), where B(9pY) is the family of all
Borel sets of g2 C 9. Then pg(A) > 0 if and only if \4=1(Pa(A)) > 0.

Proof. Let A be a non-empty element of B(9,Q). We proceed in several steps.
Step 1. Using the notations of (4) we have

Jatna= [ ([ a0+ mpan) -

N /P A ( /w W XA(Ze(Sﬂ+y))dA1(s))dAd*1(y) + /H o ( /w " XA(ZG(SO+y))d)\1(s)>d>\d’1(y).

Step 2. Let y € Hy \ PpA such that wy(y) is non-empty and let s € wy(y). We have zy(s0 + y) =
(s + 00(s0 + y))0 + y which gives Pyzo(s60 +y) =y € Hg \ PgA. This implies that zy(s0 +y) € 00\ A
for any y € Hy \ PyA such that wy(y) is non-empty and for any s € wy(y). We obtain

/m\p,,A <L9(y) Xa(20(s8 + y))dAi (s) ) AN () = 0.

Step 3. Let y € PyA. We have the following remarks.
1. There exists z, € A such that y + (2, - 0)8 = z,.

2. Using the fact that A is a subset of Jp€2 we obtain the existence of r, > 0 such that z, —t6 € Q for
any t € (0,7,). Therefore |(z, - 8) — ry, (2, - 0)[ is a non-empty open subset of wy(y).

3. We then have zg(s0 4+ y) = z, for any s €](z, - 0) — 1y, (zy - 0)][.
We thus obtain

/ Xaleost +y)dh(s) = [ xalz)dhi(s) = 7.
1(2y-0)—ry,(2y-0)] 1(2y-0) =7y, (2y-0)]

This implies
/ XA(z9(s0 +y))dA1(s) > 0, for any y € PpA.
wo ()

Step 4. We obtain
no) = [ (] vatealsn £ m)ans))axw)

with
/ xXa(zo(s0 + y))dAi(s) > 0, for any y € PyA.
wo (y)

We can now prove the lemma. If up(A) > 0, the preceding equality imposes that A4~1(Pp(A)) > 0.
Reciprocally, if A4~1(Pg(A)) > 0, then the preceding equality imposes pg(A) > 0.
O

We have the following corollary.
Corollary 2.7. We have the following properties.
1. The measurable set 00\ 0p2 is pg-negligible (which means that pg(9Q\ 9€2) = 0.)

2. Let A be a non-empty subset of 0Q. Then A is pg-negligible if and only if Py(A N 9pQ) is N4~1-
negligible.



Proof. We have 9Q \ 9pQ = {z € 9Q such that for all r > 0, there exists t € (0,7) with z —t0 ¢ Q}.
Therefore, by definition of zg the set zo(2) N (I \ Fp?) is empty. This implies that pg(9Q \ Jp2) = 0.

Let A be a non-empty subset of 9. Let us assume that A is pg-negligible in (99, B(02), g). This
means that there exists N € B(9€Q) such that A C N and pg(N) = 0. Then AN 9 is a subset of
N N 92 € B(9p2) and pg(N N 0pQ) = 0. Applying Lemma 2.6, we obtain that Py(A N 0p2) is a
subset of Py(N N 9p«) with A4=1(Py(N N 9pS)) = 0. This implies that Pp(A N <) is A4~ L-negligible in
(Hg, B(H@), /\d_l).

Let us assume Pg(A N 9pN2) is A%~ L-negligible in (Hg, B(Hp), A\~1). There exists N € B(Hy) such that
Py(AN9pQ) is a subset of N and A¥"1(N) = 0. We have AN 9y is a subset of P, ' N N 9y € B(9p)
and Py (PglNﬂ(%Q) is a subset of N. Applying Lemma 2.6, we obtain that Me(Pe_lN N 0yQY) = 0 which
implies that the set A N 9pQ is pg-negligible. Using the fact that AN N\ 92 is ug-negligible we obtain
that the set A is pgp-negligible in (02, B(02), pp).

O

Example 2.8 Case of a regular domain. Let € be such that there exists a unit outward normal n(z)
to the boundary for H¢ 1-a.e. z € 9 such that a Green formula holds. Let ¢ € C°(9Q) be given. We
define the function u : Q@ — R? such that u(z) = ((z — 29(x)) - 0)(20(z))0. We notice that u € Haiv ()
with divu(z) = ¢(zg(x)) (it suffices to consider a basis with 6 as first vector). We also notice that the
function u has a normal trace yu € L>(9Q, H?~!) which is such that yu(z) = ¢(2)ls(z) max(f - n(z),0)
for H%1-a.e. z € Q. Then, applying the divergence theorem (also named the Gauss-Green theorem
[14]), we get

/Qdivu(x)dx:/ﬂgp(zg(:c))dx:/ ©(2)lp(2) max(0 - n(z),0)dH " (2).

[5}9]

This proves that pg(z) = £g(z) max(6 - n(z),0)H (). O

Example 2.9 Complementary of Cantor set.
For p €0, 1], we construct the p-Cantor set, denoted by C, C [0, 1] by the following procedure.

e We define a; =0 and b, = 1;
e We define the values ¢; = ‘“TH“ — £ and d; = % + £;

o We define as = ay, b2 = C1, Q3 = dl, b3 = bl;

k+1 k+1
e For m=2% ... 21 _ 1 we define ¢,,, = 7‘1””'2"6’" — 25— and d, = 7“’"'51”” + 55—
e Form =2F ..., 281 — 1 we define agy, = am, bam = Cms» G2mi1 = A, b2ms1 = bin;
We set
Q= U lem, dm|-
m>1

Then C, = 002 = [0, 1] \ ©, since (2 is dense in [0, 1]. If p = 1/3, we recover the well-known “middle third
Cantor set”.

The Lebesgue measure of € is equal to ﬁ, therefore the Lebesgue measure of C, is equal to %.
Then the unit sphere is S = {—1,1}. The measure pq (resp. f.1) is the discrete measure on points d,
(resp. ¢,) with weight d,,, — ¢,,. This means that, for any A € B(9Q),

M1 (A) = Z (dm - Cm)XA(dm) and :u-l(A) = Z (dm - Cm)XA(Cm)'

m>1 m>1



The Hausdorff measure H° (which is the counting measure) of 9 is infinite, the Hausdorff measure !
(which coincide with the Lebesgue measure) of 92 is null for p = 1/3 and strictly positive for p < 1/3.
(|

3 Directional trace

We now choose in this section a direction 6 € S.
The strong sense of the directional derivative along 6 of any function ¢ € C°(£2), denoted in this section
by Oy, is defined by

1
Vo € Q, dpp(x) = lim o (p(z + h) — p(x)) = 0 Vo(a),

using the Euclidean scalar product in R?. For any u € L?(12), we say that u admits a directional derivative
along 0 in the weak sense if there exists v € L?(£2) such that

Vo € C2°(Q), /

Qu(a:)&ggo(a:)dx = —/ v(x)e(x)da. (10)

Q

In this case, v is uniquely defined, and we denote by dpu = v. Note that, in the case u € C°(Q), we
retrieve the same function as the one defined by the strong sense. We then define

We(Q) = {u € L2(Q): dpu € L2(Q)}.

Then Wy () is a Hilbert space, with the scalar product

(u,v)p = /Q(u(x)v(x) + Jpu(x)dgv(z))de.

Let us observe that Wy(Q) = W.y(Q), 0.9 = —0y, Hy = Hy, Py = Py and (u,v)y = (u,v)9. Finally, we
observe that, if z € 0p€2, then z9(z) € 0, and that, if Jo, B[€ Zy(y), then | — B, —al€ Zo(y).

Notice that 9p€2, g on one hand, and 0.4€2, 119 on the other hand, are different in the general case. Indeed,
it may hold 99Q2M.9Q = ) in some situations. For example, if Q is C* regular, 9pQ = {z € 9Q;0-n(z) > 0}
and 09Q = {z € 09Q;0 - n(z) < 0}. But there are situations where 9y N 9.4 # O (see Examples 4.4 and
4.5). A case where 9y = 0.9 is given by 6 = 1 and Q@ = U, cne] = 1+ 737, — 1+ 2 [UU, e 1 — £, 1 —

1
Al

Definition 3.1 (Directional trace in the direction 6). Let u € Wy(2). We say that a function g : 09 — R
is a directional trace of uw in the direction 0 if, there exists a representative of u, again denoted by u, and
there exists a set A C Pp(2) such that (see notation of section 2):

the set Po(Q) \ A is X L-negligible, (11)
for any y € A and any |o, Bl€ To(y), f o, Bl— R, s — u(sf +y) is such that f € H'(Ja, B]),
and g is such that g(80 +vy) = Ta(f), (12)

where, for any a < 3 € R and f € H'(|o, B]), we denote by Tz(f) the value in B of the representative
of f which belongs to C°([a, B]). We then define the directional trace of u in the direction 0, denoted by
You, as the set of all directional traces of u in the direction 8 in the preceding sense.



Note that the same definition applies, changing 6 in —0. In Definition 3.1, we can in fact choose any
representative of u as stated in the following lemma.

Lemma 3.2. Let u € Wy(Q2) and let g : 0 — R be a directional trace in the direction 0 in the sense
of Definition 3.1. Let uq be a representative of u and let A1 C Pg(Q2) be such that (11)-(12) hold with
u=mwuy and A = Ay. Then, for any representative us of u, there exists Az C Py() such that (11)-(12)
hold with u = ug and A = A,.

Proof. Let A C Py (€2), whose the complementary in Py(£2) is A~ !-negligible, be such that, for all y € A,
u1(s0 +y) = ua(sf + y) for a.e. s € wy(y). Then for all y € Ay := AN A; (whose complementary in
Pp(Q) is therefore A\~ !-negligible), for any Ja, B[€ Zy(y), the function f :|a, B[— R, s — uy(s0 + y) is
such that f(s) = ua(sf + y) for a.e. s €], B[, f € H'(Ja, B]) and g(B8 + y) = Ts(f). Hence (11)-(12)
hold with © = us and A = As. O

In Example 3.4, we give an example of directional trace for a function which belongs to Wy(Q2) in the
case of a non-Lipschitz domain.

The following lemma provides a link between the notions of directional trace and directional measure
introduced in Section 2.

Theorem 3.3 (Directional traces and measures pg and p.g). Let u € Wp(Q) = Wo(Q2). Then there exists
a directional trace g (resp. g.) : 9 — R of u in the direction 0 (resp. —0) in the sense of Definition 3.1,
which moreover is measurable for the Borel o-algebra.

Moreover, any function g : 9Q — R (resp. §.) is a directional trace of u in the direction 0 (resp. —0) in
the sense of Definition 3.1 if and only if g(z) = g(2) for pg-a.e. z € QN (resp. §.(z) = g.(2) for pg-a.e.
z € 0Q).

Therefore the directional trace of w in the direction 6 (resp. —0) denoted by you (resp. v.gu) in Definition
3.1 is an equivalence class, for the relation pg-a.e. equal (resp. p.g-a.e. equal), of a measurable function
for the Borel o-algebra.

Proof. We only write the proof for 6, the proof for -6 is obtained by changing 6 in —6 everywhere.
Step 1: existence of a directional trace.

We again denote by u a representative of u. Let ¢ be any isometry from R™' — Hy C R? (recall that
Hy is the hyperplane which is orthogonal to 6 and contains the point 0), let

Q={(s,7) e RxR" " 50+ () € Q}.

Let v be the function defined on € by v(s, 7) = u(s6+(7)). Then, using the notations of Appendix A, we
get that v is a representative of an element of Wy () with dyv(s,7) = dgu(s6 + (7). Applying Lemma
A.1 to v, we get the existence of the measurable set A; C P (§~2) C R?! such that the complementary
of Ay in Py() is A -negligible, and for all § € Ay, v(-,7) € H'(w(7)). Denoting by A = ¢(A;), we
get that, for any y € A, it holds u(- 6 +y) € H'(wg(y)), since wy(y) = wi(¥~1(y)). Notice that the
complementary of A in Pp(Q2) is A~ L-negligible. We then define g : 9Q — R by setting, for any y € A
and any |a, 8[€ Zy(y), 9(80 +y) = Ts(f), where f(s) = u(sh +y) for a.e. s €]a, 3[. We then prescribe
g(z) = 0 for any other z € 05

We then observe that, for any s €], 5] and x = s0 + y, we have zy(z) = af + y, z9(x) = B0 + y and
B—a=0dg(x)+dg(x). Therefore we get from (25) that, for all = € Q such that Py(z) € A, the following
holds:

1 o ()
9(ze(z)) = m/g " (u(t 6+ ) + (t+ 6.9(x))dpu(t 0 + x))dt, (13)



which leads to the measurability of ¢g for the Borel o-algebra.
Step 2: all directional traces are py-a.e. equal.

Let g (resp. g) be two directional traces of w in the direction 6 in the sense of Definition 3.1. Let u again
denote a representative of u, and let A (resp. A) be a subset of Py(£2) such that (11)-(12) hold for g,
u and A on one hand, g, u and A on the other hand (owing to Lemma 3.2, we can consider the same
representative of u for satisfying (11)-(12) with g and §). Then the complementary of AN A in Py(€) is
X4~ negligible, and, for all y € AN Aand ae. s € wp(y) and for any |a, Bl€ Zy(y), then ¢g(580 +y) =
9(B80 + y). Using Lemma 2.1, we obtain that the set {z € 992 such that g(z) = §(z) and Pyz € A} is a
subset of {g = g} N ). Applying corollary 2.7, this implies that g(z) = g(z) for pg-a.e. z € 9.

Step 3: any function pug-a.e. equal to a directional trace is a directional trace.

Let g be a directional trace of u in the direction # in the sense of Definition 3.1. Let g : 92 — R be such
that g(z) = g(z) for pe-a.e. z € 9Q. We then define

A= {y € Po(Q),Y]ev, BlE To(y), (B0 + y) = §(56 + y)}.

From Lemma 2.6, we get that the complementary of A in Pp(Q) is A?l-negligible. Considering a
representative of u again denoted by u, let A be a subset of Py(€2) such that (11)-(12) are satisfied for g,
u and A. We then have the following:

e the complementary of AN A in Pp(Q) is A~ L-negligible,

e for any y € AN /T, we have ug, € H'(wy(y)); then, for any ]a, 8[€ Zy(y), since B8 + y € 9pf2 and
y € A, we have g(80 +y) = g(B8 +y) = Ts(f), where f(s) = u(sh +y) for a.e. s €]a, [.

Therefore (11)-(12) hold with g, u and AN A, which shows that § is a directional trace of u in the direction
0 in the sense of Definition 3.1. O

1.04

0.8 4
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0.4

0.2 4

0.0

T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Figure 1: Cuspidal domain €2 in Example 3.4.

Example 3.4 [Case of a cuspidal domain] Let us assume that  C R? is the (non-Lipschitz) domain
defined by (see Figure 1)
Q= {(21,22) € Rx]0,1[; =23 < 21 < x3}.
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Assume that = (1,0). Then we get for any (z1,72) € Q that zp(z1,72) = (23, 12), lo(z1,72) = 223.
. . . . . . . . . 3 _ 1
Considering the right side of the domain (in red in Figure 1), we have 6-n(x3, z2) T the measure

po(r3, 12) is equal to \/fong
boundary (in black in Figure 1). Then the function u(x1,xs) = x5 * belongs to H(Q) C Wu(Q) for any
o €]%,1[ (indeed, the function 25°* " x 23 is integrable on ]0,1[), and a directional trace of u in the
sense of Definition 3.1 is the function g(x1,z2) = 25 % on all edges. In this case, g is also equal a.e. to
the trace of u as defined in Section 4. Note that g € £2(9, ug) but g ¢ £2(9Q,H") (the function x>

is not integrable on |0, 1[). O

H (23, 29) for a.e. 29 €]0,1[, and ug is equal to 0 on the remaining of the

[e3

Theorem 3.5. The operators v9 and g defined in Theorem 3.3, for all u € Wy(R2), as the directional
traces in the respective directions 8 and —0 on the boundary, satisfy the following properties.

e For any u € Wy(Q), then vou € L?(0Q, ug) and
/ (vou(z))*dpe(z) < 2max(1,diam(Q)?)||ul|2, (14)
o0

e For any u € Wy(Q) such that ypu(z) = 0 for ug-a.e. z € I, then the following Poincaré inequality
holds:
ullr2(0) < diam(Q)]|Opul|r2(o)- (15)

e For any u € Wy(Q), the pair of functions (you,y.ou) satisfies the following inequalities:
2
[ (oute) + vautza=) dua(z) < 4max(1, diam(@)) ful}, (16)
oQ

and

[ (e oD ) g, 17
o0

|2 = z9(2)]

e For any u,v € Wy(2), we have

/Q(u(:c)agv(:v) + o(@)Bpu(z))dz = / You(z)yev(2) — 7’9“(3’9(2))7’9“(2’9(2»d,ug(z). (18)

N |z — z0(2)|

The same properties hold for —0, changing 6 in —6.

Proof. Let u € Wy(Q), let g be a representative of ypu which is a directional trace of u in the sense of
Definition 3.1. We again denote by u a representative of u and by A C Py(£2) a set such that (11)-(12)
hold. We have, using the notation of Definition 3.1 and accounting for (9),

[ 9@t = [ sCowrar= [ [ 0 urane)ay

Ja,Bl€Zo(y)

:/ ( Y. (B-a) g(ﬁ9+y)2>dAd_l(y)~
Ho )

lo,Bl€Z6 (y

11



Applying (26) in Lemma A.3 to the function ug,,, we get

ottentan < [ (S0 ol g, 2max(t, (3 - 0f)axt )

le, B[€Z6 (y)

< 2max(L.dim(©2) [ oy [y )45 )
)
‘We then notice that

a0, o ) = / 6007+ 08+ )0 o).
we Y

This proves (14). We then observe that, for any ug, € H'(wp(y)) such that g(86 + y) = 0, (29) implies

66,5172 (wp () < diam ()2 (| Dug,y[|7 2 (1 (4)) -

Since f — o < diam(Q2) and integrating with respect to y € Pp(2) provides (15).
The proofs of (16) and (17) are similar, accounting for (27) and (28) in Lemma A.3. Finally, we observe
that the following integration by parts relation holds for any f,g € H'(Ja, 8[) N C°([e, B]),

/] B[(f(S)Dg(S) + Df(s)g(s))dAi(s) = f(B)g(B) — fa)g(e).

Noticing that, letting £ = 8 — «, a = f(8), b = f(a), ' = g(B), b’ = g(a), we have

aa’ — b lla—b, , a —b 1/7,a—b a —b
_ = b/ b ’ < 7( 2 / b/ 2 2 b 2)
[ = 5[ @ )+ @ )| < () @ )+ () 4 (a4 )2),
we get from inequalities (16) and (17) that the right-hand-side of (18) is well defined. Hence, we can
obtain (18), following the same integration rules as those used in the proof of (14). O

Remark 3.6 As noticed in the introduction, we cannot give a sense in (18) to faﬂ %Z"“dpg nor to
faﬂ %Z’Bvd,u_g since we need to combine both terms for getting integrable functions. Consider the
domain in Example 3.4, and the functions u(z1,z2) = v(z1,22) = 25 * with a €]1,1[, then 20722 is not
integrable for the measure pg. O

Remark 3.7 Note that Wy(Q) is the domain of the operator 9y defined by (10) as the adjoint in
L?(Q) of the skew-symmetric operator —dy with domain C°(Q). Hence we know from [1] that there
exist Hilbert spaces H, and H. and two continuous operators G+ : Wy(2) — H+ such that the mapping
u— (G.(u), G (u)) defined from Wy(Q) to H, x H. is surjective, and

Yu,v € Wy(Q), /Q (u(z)0pv(z) 4+ v(z)dpu(z))dz = (G, u,G,v)u, — (Gu,Gv)p..

We get from Theorem 3.5 that we can define Hy = G (Wy(Q)) = L?(0, uy) with G4 : Wp(Q) —
L? (992, po) given by
1

(a—l—b—i—aij) and G.u(z) = Z(a—i—b—

a—>b

G.u(z) = 1 )’

N

for pp-a.e. z € 99, letting £ = £y(2), a = ypu(z) and b = y9u(z9(z)). The surjectivity of the mapping
u— (G, (u),G.(u)), from Wy(Q) to L?(0, ug)?, is a consequence of the fact that, for any a,b € R, the

12



function f : s+ a+ (b—a)5=; is such that f € H(Ja, B]) with Ts(f) = b and T,(f) = a . O

Example 3.8 [Case of a regular domain] Let us assume that € is a regular domain in the sense of
Example 2.8, again denoting by m(z) the unit outward vector for a.e. z € 9§). Then the measure on 92

defined by ¢ — [, “"Ze(s;))dx is equal to max(f - n(2),0)H*"1(z). O

Lemma 3.9 (Restriction to an open subset of Q). Let QCQ bean open set. We denote by lig, Zg, Yo

the quantities pg, zg, o Teplacing Q by Q. Letu e HY(Q), and let U denote the restriction of u to .
Let g (resp §) be a directional trace of u (resp. @) in the direction 6 in the sense of Definition 3.1. Then
g(z) = g(2) for pg-a.e. and fig-a.e. z € Dgf2 N 2.

Proof. We select a representative of u, again denoted by u, and we again denote by u the restriction of
the representative u to . Let A (resp A) such that (11)-(12) hold, choosing the representative u (resp.
Then for all y € A, we have u(-0+y) € H!(wp(y)) and for all y € A, we also have G(-0 +y) = u(-0 +y) €
H' (D (y)), and the sets Pg(0p2) \ A and Pp(9Q2) \ A are A~ !-negligible. Let us define

B={z¢€ 952N 992, 9(2) = 9(2)},

and

B={z€80N80 Ps(z) € AN A}.
We get from (12) that, for z € B, it holds g(z) = §(z). This proves that B C B.
Let y € Py(8pQ N 9y \ B). We therefore have that, for z € 95 N 9\ B such that y = Py(z),
9(z) # g(z), which means that y ¢ AN A I y € A, this implies that y ¢ g, which means that
y € 59(@) \ A. If y € A, this implies that y ¢ A, which means that y € 9y(Q) \2 Ifyg¢ AU A, it means
that y € (99(Q) \ A) U (95(€2) \ A). Therefore

Po (892 N g0\ B) C (Py(0s0) \ A) U (Py(9Q) \ A).

This implies that the set Py (89@ N9\ B) is A9~ 1-negligible. Therefore, from Corollary 2.7, we get that
9o N 92\ B is both pp-negligible and fip-negligible. O

Remark 3.10 Lemma 3.9 cannot state that g(z) = g(z) for ug-a.e. and fg-a.e. z € 90 N 0N instead
of z € agQAﬂ 99Q. Indeed, let us coAnsider the case Q =]0,1[ and Q = U, c+l5m7> 55 [- Then, for
0=—1,0Q = {ﬁ,n € N*}, 0 € 9Q and 992 = {0}. Then one can take any value for g(0) such that

§(0) # 9(0) (since fip({0}) = 0) whereas 1g({0}) = 1. 0

4 Trace operator on H'(()

Let us observe that
H'(Q) = () Wa(9),
0esS

and that, for all § € S and u € H*(Q2), we have [lullg < ||u z1(0). This leads to the following definition.
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Definition 4.1. Let £2(9, (1ug)oes) denote the set of all functions f : 9Q — R such that there exists
M > 0 and for all 0 € S, there exists g9 € L2(0Q, g) with f(2) = go(z) for pg-a.e. z € 9Q and
fQ |lge|*dpe < M.

We say that, for f,g € L2(0, (ue)ecs), f is equivalent to g if, for all & € S, f(z) = g(z) for pe-
a.e. z € 00 and we define L*(09Q, (19)oes) as the set of all equivalence classes of the elements of
L399, (1o)oes), normed by

Vg € L2092 (m)oes)s 1913200, uce) =500 /Q l9/2de

Note that, for f, g € £L2(09Q, (1g)ges), f is equivalent to g if, for all € S, f(2) = g(z) for pp-a.e. z € o0
where 92 C 992 is defined by (6), which is a dense subset of I (see Lemma 2.2).
The set L2(9, (16)oes) satisfies the following property.

Lemma 4.2. The space L*(9€, (1g)oes) is a Banach space.

Proof. Letting E = 0N and T be the o-algebra of all Borel sets on 02, Lemma B.2 in the appendix proves
that L' (09, (19)ees) is a Banach space. We then observe that L2(9€, (1g)ees) C L* (99, (11g)pes) since
19 (0€) is bounded independently of 8 € S. O

Definition 4.3 (Trace operator on H(Q)). We define the domain H}(Q) of the trace operator as the
set of alluw € HY () such that there exists a function g € L*(0, (ue)ecs) such that for all § € S we have
vou(z) = g(2) for pg-a.e. z € Q. Then g is unique and is called the trace of u on OS2, denoted by tr(u).

Example 4.4 1D case where H. (Q) # H'(Q).

Let us take the example Q =]0, 1[U]1, 2[, and u(z) = z for = €]0,1[, and u(z) =  — 1 for = €]1,2[. Then
mu(l) =1, 1u(2) = 1, v1u(0) = 0, v1u(1) = 0. Hence in general, for z € 99, vpu(z) is not constant
with respect to 6. O

Example 4.5 2D case where H>(Q) # H'().

Let us consider Q = (]0,1[x] —1,1[)\ ({3} x [0,1]). We define the function u(zy,z2) = —a5 for (z1,22) €
10, [x]0, 1[, w(z1, z2) = @2 for (z1,x2) €]%,1[x]0, 1] and u(x1,z2) = 0 for (z1,22) €]0,1[x] — 1,0[. The
domain is connected, contrarily to Example 4.4, and v(1,0yu((3,5)) = —s and y(_1,0)u((3, s)) = s for all
s €]0,1]. O

Theorem 4.6 (HL(Q) is closed). Let Q2 be any open bounded subset of R? with d € N\ {0}. Then H ()
is closed, and therefore contains the closure H'(Q) of HY(Q) N C%(Q) in HY(Q). Moreover, the operator
tr: HL(Q) — L2(0Q, (1o)oes) is continuous and, for all u,v € HE(Q) and 0 € S, we have:

[ wente) +oerpataa = [ IO )zt zal)

o9 |2 = z9(2)]

f19(2)- (19)
Proof. Recall that, using (14) in Theorem 3.3, we have, for any u € H{ (Q) and any 6 € S,
[ P = [ poufdu < 2meax(t, dism(@)) fulfy: o
lo) a0
We get that, for any Cauchy sequence (uy, )nen of elements of H (Q) with limit u € H'(Q), the sequence
(tr(upn))nen converges in L2(9Q, (ug)pes) which is a Banach space by Lemma 4.2. Denoting by ¢ its

limit, we get that g = ypu pe-a.e. on 99, which proves that u € HL ().
Then (19) is a consequence of Theorem 3.5. O
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Figure 2: Domain 2 in Example 4.9.

Definition 4.7 (Functions with null trace). We define Hl, 4() = {u € H{, () such that tr(u) = 0}.
Remark 4.8 Note that Hj(Q) C H 4(2) € H\(Q) and that

Htlr,o(Q) = {u € H'(Q) such that ypu = 0 for any 0 € S}.

Example 4.9 Case where H;(Q2) # H/, ;(Q) In [3, example 5.3], the authors consider the case d = 2,
they define the set § = (C1 — ) x {0} (the 1D middle third Cantor set is then inserted in the 2D space)
and they set Q = B(0,2) \ S, which implies that 02 = S U 0B(0,2) (see Figure 2). Then they prove
that the harmonic function v € H{ _(Q2) N C°(Q) such that u(z) =1 for all z € S and u(z) = 0 for all
z € 0B(0,2) verifies u € H'(Q). They also prove that u ¢ H}(Q) and that the approximative trace of
u in the sense of Definition 1.1 is null, since the Hausdorff one-dimensional measure of S is null. In this
case, the notion of approximative trace and of trace in the sense of Definition 4.3 coincide. Indeed Lemma
2.6 proves that 119(S) = 0 for any 6 € S (note that p = 3 is the limit case where A'(C,) = H'(C,) = 0).
This yields you(z) = 0 for pg-a.e. z € 9 for all 6 € S, and therefore u € H, ().

(|

We then have the following lemma.

Lemma 4.10. For any u € H(Q) such that there ezists 0 € S with you(z) = 0 for ug-a.e. z € 9Q, then
[ull2() < diam(Q)[[Vu|[L2 (o) (20)

Therefore the space H{, ((Q) is a Hilbert space, with the scalar product (u,v) := [, Vu(z) - Vo(z)dz.

Proof. For any 6 € S, |0gu| < |Vu| a.e. in Q. Then (20) is a consequence of (15) in Theorem 3.5. We
then observe that H{, ((Q) C H(Q) is closed since tr : H{,(Q) — L*(99Q, (1o)ses) is continuous. The
fact that (u,v) is a scalar product is a consequence of (20). O

Before a few examples, we give a simple sufficient condition leading to H. (2) = H(Q).

15



Lemma 4.11. Let (Q;):cr be a countable family of open subsets of 0, such that
e foranyic I, HL(Q;) = H (),

o forall0 €S, 02\ U, c; 0082 is pg-negligible,

o foralliel, QN 0%, N Uj# 5VQJ is po-negligible for all € S (see (6) for the definition of 5(2)
Then HL () = HY(Q).

Proof. Let u € HY(Q) and let u; € H*(£2;) be the restriction of u to Q; for any i € I. We denote by g; a
representative of tr(u;), the trace of u; on 9€;, defined by Definition 4.3. By Lemma 3.9, we have that,
for all 0 € S, gi(2) = voui(z) = you(z) for pg-a.e. z € G N <.

Let us define the function g : 9Q — R by g(z) = gi(z) for any z € 9Q N0 \ U,,; 09; and all i € I,
and ¢g(z) = 0 for any other z € 9Q. We then have, for any 6 € S, g(2) = g:(2) = vou(2) for py a.e.
z € 0982 N OS2 C o0 N 5@7 Since the complementary in 9p€Q of | J,;.;(96€% N 9p) is pg-negligible, we
obtain that, for all § € S, g(z) = ypu(z) for pg-a.e. z € 9. This implies that the equivalence class of g
in L?(09, (116)ges) is the trace of u in the sense of Definition 4.3. O

Example 4.12 Let us consider the example 2.9, that is Q = [0,1] \ C,, with p € (0, 3). This examples
cannot be handled in the framework of the approximative trace of [2, 16] since the measure H?~! is
locally infinite everywhere on 9Q. Indeed, we have 92 = C, and Q = [0,1]. Let u,, € H'(Q) N C°(Q2)
converging to u in H(Q) as n — oo. The inequality, for all f € H'(Ja, 3]) N C°([ev, B]) and z €], B],

B
@) <2 / F(02 + (8 — o) (1)),

[0

implies that w,, uniformly converge to u on Q. Let € > 0 be given, let n € N such that |u,(z) —u(z)] <e
for all x € Q. Let n > 0 be such that |u,(z) — u,(y)| < € for any z,y € [0,1] with |y — x| < n. Then,
for z,y € Q with |y — 2| < n, we have |u(z) — u(y)| < 3e, which shows that u is the restriction to £ of
a function which belongs to C°(Q). But we can find an element of H!(Q) which is not the restriction
to Q of a function which belongs to C°(Q): let us consider the function u, defined on any ]c,,,dm[, by
u(z) =z — Cmtdm

In this example, we have H] (Q) = H' () since there is no m, m’ € N such that ¢,, = d,,/, so the supports
of v1 and ~.; are disjoint, which implies that any v € H'(Q) has a trace, applying Lemma 4.11. O

Example 4.13 Let us now consider a two-dimensional domain which is connected, but which cannot
have an approximative trace in the sense of [3]. The domain is depicted in Figure 3. We denote, for a
given p € (0, 1], by

Q= (([0,1] \Cp)x] — 1,1[) U (10,1[><] - 1,0[).

Then the boundary of Q contains C, x [0, 1], which has infinite local Hausdorff measure HI1 for p < %,
since it contains the set C, x [0, 1]. But the set 0 is given by the union of all the following sets:

e the boundary of |0, 1[x] — 1,1],
o the sets of the form {c,,} x [0,1] and {d,,} x [0,1],
e the set C, x {0}.
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Then 2 is connected and HL(2) = H'(Q), applying Lemma 4.11 with Qo =]0,1[x] — 1,0[ and €,,, =

]cm,dm
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Figure 4: Example 4.14. Left: domain €2, right: function wu.

O

Example 4.14 We consider an example similar to [16, Figure 2]. We define Q C R? (depicted in the left
part of Figure 4) defined by

1

1

4 1 1 1 )

0 =1o,f;)[x10,1[\kg* (g5 e #1031V [ 3 ¥ (52 1).

We notice that

{0} x [0,1] = 9\ 09.
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Then Q has density 0 at {0} x [0,1] in the sense given in [16], and the approximative trace defined
in [16] is unique. In this case we also have H. (Q) = H'(Q) since Lemma 4.11 applies, letting Qj =
laery 2k (X0, 1{ne.

But H() = HL(Q) does not hold. Indeed, let us denote

1 1 1 1 13
w_kg* <]4k+4’4k+3[u}4k+274k+1[)u]1’ﬁ['

Let u € H'(Q2). For a.e. z € w, we define

Tu(z) = /O (e )y,

We then get that Zu € H'(w) and that, for a.e. z € w, it holds

(Iu)’(w):/o Ohu(z,y)dy.

We then easily get that || Zul|g1(w) < ||ullgi(q). Let us consider a sequence (un)nen, such that u, €
HY(Q) N C°(Q) which converges in H(Q2) to u. Then the sequence (Zu,)nen converges to Zu in H(w).
As it is the case in example 4.12, this implies that the convergence of (Zuy,)nen to Zu is uniform.
Reasoning as in the example 4.12, we get that, since Zu, (z) — Zu,(0) as x — 0, this implies that Zu(x)
has a limit as  — 0. Let us define the function u (depicted in the right part of Figure 4) in the following
way:

o u(z,y) =0 for ae. (z,y) €5, 5[x]0,1[;
o Dyu(x,y) =0 for a.e. (x,y) € Q;

o dyu(x,y) = S(kY* — (k—1)1/*) for ae. (z,y) €3, mp[X]3 3 for all k € NX;

e Dou(x,y) =0 for ae. (z,y) € Q\ﬂkeN*}ﬁ, ﬁ[x]; =1

Then (k — 1)V/* < u(z,y) < kY/* for ae. (z,y) € Qﬂ]ﬁ, 71x]0,1[, which enables u € L?(Q). It is
clear that Vu € L?(Q), hence u € H'(Q). This shows that Zu(x) — +oo as x — 0. Hence u cannot be
the limit in H1() of a sequence (uy)nen, such that u, € H1 () N C°(Q).

O

A Regularity along lines in Wj(12)

In this section, for the simplicity of the notation, we consider the case where # is the first vector of the
canonical basis of R?, and we denote in this section by d;¢, for any ¢ € C°(), the partial derivative
of ¢ with respect to its first argument. For any u € L?(Q), we say that dju € L?(Q) if there exists
v € L*(Q) such that

Vo e O, [ u@drp)s = [ o)),
Q Q
In this case, v is uniquely defined, and we denote by diu = v. We then define

Wi(Q) = {u € L*(Q); 01u € L*(Q)}.
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Then W7 () is a Hilbert space, with the scalar product
(u, v) = / (u(@)o(@) + Ovu(z)dv(z))da.
Q

For any = = (s,y) € R?, we denote P;(z) = y, and we define the following sets:
Pi(Q) = {y e R LI € R, (s,9) € Q} and Yy € P1(Q), wi(y) = {s € R such that (s,y) € Q} C R.
We have the following lemma.

Lemma A.1. Let u € W1(Q2). Then, for any representative of w and any representative of d1u, again
denoted by u and O u, there exists a measurable set Ay C P1()) whose complementary in Py () is A 1-
negligible such that, for all y € Ay, the function defined for all s € wi(y) by f(s) = u(s,y) is such that
f € HY (w1 (y)), with, for A\-a.e. s € wi(y) (for the Lebesque measure of R), Df(s) = d1u(s,y), where we
denote by Df the weak derivative of f in the open set wi(y).

Proof. The representatives u and dyu are such that u € £23(Q) and d1u € £2(2). The lemma will be
proved by showing that, for a.e. y € P1(Q), for all ¢ € I(y), the functions f := u(-,y) and g := dru(-,y)
are such that

f e L*(wi(y)), (21)
g€ L*(wi(y)), (22)
Df =g, (23)
We could as well write, for given y, g = d1u(-,y) and Df = D(u(-,y)) (notice the role of the parentheses).

Step 1
Applying Fubini-Tonelli’s theorem gives, with extending u by 0 outside €2,

/Rd,l (Au(x,y)de)dy = /Qu(z)Zdz < 400.

A more precise consequence of Fubini-Tonelli’s theorem is that the mapping y +— fR u(z,y)?dz is a
measurable mapping from R%~! to R (in the sense that it is a.e. equal to a measurable function) and
integrable. We therefore have, for a.e. y € P1(2), u(-,y) € L?(w1(y)). This concludes the proof of (21).
The same reasoning, applied to dju, provides the proof of (22).

Step 2 Proof of (23) by regularisation.
Let us denote by B the set of all open sets under the form szl]ak, Br[, with ay, B € Q, such that

VK € B, K C Q.

We have that B is countable, and that

0= J K.

KeB

For a given K = szl]ak7ﬁk[e B, let us first prove (23) on Jay, 1] for a.e. y € Ky := HZ:2]O‘7€7 Bl
Let A; be the set of all y € K; be such that (21) and (22) hold.

Let us define the mollifying function p € C°(R,R), p > 0, p(x) = 0 if |z > 1, [; p(z)dz = 1.
For any n € N*, let us define p,(z) = Lp(nz) (z € R).
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For all y € A1, n € N*, we define u,(z,y) = u(z,y) *x p, = P u(s,y)pn(x — s)ds. Hence u,(-,y) €

[e5]
C*(Joa, b1, R) and u),(x,y) = 511 u(s,y)pn,(x — s)ds. For any y & Ay, we set u(-,y) =0.

Let m € N* be such that 1/m < (81 — o1)/2. We set I, =y + L, 81 — L.

Let ¢ € C°(K1,R). We then have, for any x € I,, and any n > 2m, support(y) C K, letting
o(8,y) = pn(z — s)(y). We can then write, since 9; is the weak derivative with respect to the first
coordinate,

/ (2, )by dy = / u(s, y)ply(x — $)b(y)dsdy = / Byu(s,y)pu(z — )p(y)dsdy,  (24)
K, K K

since 01(s,y) = —py,(z — 8)P(y).

We define v on K by letting, for any y € A; and = €]ay, 1], v(z,y) = f;l O1u(s,y)ds. Hence we have
v(+,y) € C(la, f1],R) and Dv = dyu(-,y) on Jag, f1] [13], and for any y € Ky \ A1, v(-,y) = 0.
B1

We repeat the regularisation method on v: we define, for any n € N*, v, (-, y) = v(-, y)xpn == [, v(s,y)pn(z—

s)ds.

Let y € Ay, m € N* such that 1/m < (61 — @1)/2, and n € N* with n > 2m. For © € I, v (x,y) =
511 v(s,y)pl(z — s)ds = ffll Dv(s,y)pn(x — s)ds.

Since Dv = dyu(-,y) on Jag, B1],

B
vp(,y) = [ Ovuls,y)pn(z — s)ds.

a1

Let ¢ € C°(K1,R). We have

/ o (2, y)d(g)dy = / Bus,)om(x — $)b(y)dsdy.
K1 K

Using (24), we get
| =) @t = o

Now only considering z € QN I,,,, using the countability of Q and N, we get that for a.e. y € K7, m with
1/m < (f1 —a1)/2 and n > 2m,
(un, — vp) (z,y) = 0.

Therefore, since u,(-,y) and v,(-,y) are elements of C*°(Jay, f1[), (un — vn)'(z,y) = 0 on I,,. Hence
(un — vn)(+,y) is constant on I,,,. Letting n — oo, we get that the function (u — v)(-,y) € L?(Jaa, f1]) is
constant on I,,,. Letting m — 400, we get that (u —v)(-,y) € L?(Jaq, 1) is constant on Jay, B ].

We therefore obtain that, for a.e. y € Ky, u(-,y) € H' (o, 81)[ and D(u(-,y)) = dru(-, ).
Since B is countable, for a.e. y € P1(Q), the functions u(-,y) € L?(w1(y)), d1u(-,y) € L*(wi(y)) are such
that, for all K € B such that |of, BE[C wi(y), u(-,y) € H(Jok, BE]) and D(u(-,y)) = dru(-, y).
This yields u(-,y) € H'(w1(y)) and D(u(-,y)) = d1u(-,y) on wy(y).
O

Remark A.2 We could as well notice that the mapping y + u(-,y) is measurable from R?~! to L?(R),
owing to the separability of L?(R). But this property is not used in this proof. O
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Lemma A.3. Let o < f3 be two reals and let f € H*(Ja, B[) N C°([e, B]) be given. Then the following
properties hold:

1 B
1) = 5= [ (0 + DI —a)at (25)

2max(1, (8 — a)?)

max(f(8)%, f()?) < | Fl1F qa.sp -« ; (26)
T8+ 1(@)? < 11 g G O =) (2n)
and
I L (25)
Moreover, if f(8) = 0, then
1fllz2qa,8p < (B — ) D fllL2(a,8)- (29)

Proof. 1f f € C*([a, 8], we can write f(s) = f(t)+ [, D f(w)dw. Introducing the function ¥(s,t) =t —«
for t < s and U(s,t) =t — ( for t > s, we can write

1
08—«

It yields, applying the Cauchy-Schwarz inequality,

B
Vs € [a, B, f(s) = / (F(t) + DF(£)¥(s,1))dt.

2
8-«

and therefore we get (26). We therefore deduce (27). Finally, writing

B
Vs € [a, ], f(5)? < / (F(0)2 + DF(1)2(5 — a)?)dt,

B
£8) - f(2) = | Drteyat
we get (28). Finally, if f(8) = 0, we have for any s € [a, ],

f(S) = - Df(t)dta
15,81

which yields

fs)? < (B-9) ] B[Df(t)zdt < (B =)Dz ga,s-

Integrating the preceding inequality with respect to s € [«, 8] provides (29). O

B Bounded integrability with respect to a family of measures

Let (E,T) be a measurable set, where we denote by T' a given o-algebra on the set E. Let (mg)ses be a
family of measures on (E,T). We define L1(E, T, (mg)ges) as

LYE, T, (mp)ges) ={f: E—-R,AM >0, Vh € S,

Jg € LYE,T,mg), f =g mg — a.e. and / lgldmy < M}.
E
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We then say that two elements f,g € L1(E, T, (mg)ges) are equivalent if f = g mp-a.e. for all § € S, and
we define the set L'(E, T, (mg)ges) of all the equivalence classes of the elements of L1(E, T, (mg)ges)-
Then, for any f € L'(E,T, (ms)ses) and 0 € S, we define [, fdmg := [}, gdmg, where g € L}(E, T, mg)
is any representative of f. We define a norm on L*(E, T, (mg)scs) by

Vf e LYE,T, (mo)ocs), |fllimr,ome)pes) = EHE/E | fldme.
€

Remark B.1 In the preceding definition, we do not require that the elements of L*(E, T, (mg)secs) be
measurable, but only equal my-a.e. to a measurable function for all 8 € S. a

Lemma B.2. The space L'(E, T, (my)ges) is a Banach space.
Proof. We follow the proofs of [10, Théorémes 4.47 and 4.49].

Let (f,)nen be a Cauchy sequence in L(E, T, (mg)ees), and let us also denote by f,, € LY(E, T, (mg)ges)
a representative of f, for any n € N.

Step 1. For any n € N, we choose ¢(n) € N such that, for any p,q > ¢(n), suppes [ |fp — fqldmg < 27"
and p(n) > pn—1)if n > 1.

Step 2. We define the series of functions (g, )nen With general term g, := fo(nt1) — fo(n). From the
definition of the subsequence ¢, we have supycs [ |gn|dmg < 27" for any n > 0. We define the measurable
function G : E — R4 U {400} by

Ve e E, G(x Z|gn )| € [0, 4+o0].
neN

/dee Z/ |gn|dmgy < 22_

n>0 n>0

This implies that mg(E \ A) = 0 for any 6 € S where A = {x € E such that G(z) < +oo}. We replace
G(z) = 400 by G(z) = 0 for any x ¢ A. In particular for any x € A we have that the real series with
general term g, (x) is absolutely convergent. We define the measurable function f : E — R by

Vo € A, f(x) = foo(x Jngn and f(z) =0 for any = ¢ A.
neN

For any 6 € S we have

Step 3. Since, for any N > 1,

Vo € A, fonan(@) = Foo) (@) + Zgn

we get that, for all 6 € S and all x € A, f,(n)(z) = f(x) as N — +o0 and, for mp-a.e. x € E, it holds
|foony (@)] < | fp0) ()] + G(x). By the dominated convergence theorem, we get that f € L'(E,T,mg) (in
the sense that there exists g9 € L(E, T, mg) such that f = gg pe-a.e.) and [ |f—fon)ldme — 0as N —
+00. This implies that [ |f|dmy is bounded independently of § € S, and therefore f € L1(E, T, (mg)oes)-

Step 4. Let n € N such that n > ¢(0) and let N,, € N be such that ¢(N,) <n < ¢(N,, + 1). Then, for
any 0 € S,

J18= falamo < [ 17 = fooldmo+ [ Ufoy = fuldmo < 35 [ fouddmg +27% <270,

k>N,+1
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This proves that

nh—>H;o If = fallLr @1 (moYocs) = 0,

and concludes the proof of the lemma. O
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