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Abstract

In the case of any bounded open set Ω ⊂ Rd with boundary ∂Ω, we first construct a directional
trace in any direction θ of the unit sphere, for any u ∈ L2(Ω) whose the directional derivative ∂θu
in the direction θ belongs to L2(Ω). This directional trace is shown to belong to L2(∂Ω, µθ), where
µθ is a measure supported by the closure of all points of ∂Ω which are the extremity of an open
segment directed by θ, included in Ω. This trace enables an integration by parts formula. We then
show that the set H1

tr(Ω) containing the elements of H1(Ω) whose the directional trace does not
depend on θ is closed. It therefore contains the closure of H1(Ω)∩C0(Ω) in H1(Ω). Examples where
H1

tr(Ω) = H1(Ω) and H1
tr(Ω) 6= H1(Ω) are provided.

1 Introduction

Let d be a strictly positive integer and let Ω be a non-empty bounded open subset of Rd, with boundary
∂Ω = Ω\Ω. We focus in this paper on the notion of trace on ∂Ω for the elements of H1(Ω), in connection
with the existence of an integration by parts formula.

Let us recall that the notion of trace is standardly introduced in the case of domain with Lipschitz
regularity. The existence of this trace is obtained through regular local charts which transform the
computations at the boundary of the domain into computations on the boundary in Rd of the set R+ ×
Rd−1 (see the seminal paper [9], and see [5, Theory of traces] for the introduction of local charts). Then
the trace of any function u ∈ H1(Ω) can be defined by passing to the limit in the space L2(∂Ω,Hd−1),
where Hd−1 denotes the (d − 1)-dimensional Hausdorff measure on Rd (see [8, Definition 2.1]), on the
restriction to ∂Ω of continuous functions converging to u in H1(Ω).

Hence, for more general domains, it is natural to extend this procedure, by defining the trace at the
boundary ∂Ω for the elements of the closure of H1(Ω)∩C0(Ω) in H1(Ω), denoted by H̃1(Ω). This yields
the following definition of the approximative trace [2, 3, 4, 16]:

Definition 1.1 (Approximative trace). Let Ω be a bounded open subset of Rd and let u ∈ H1(Ω). We say
that ϕ ∈ L2(∂Ω,Hd−1) is an approximative trace of u if there exists a sequence (un)n≥0 in H1(Ω)∩C0(Ω)
such that the sequence (un)n≥0 converges to u in H1(Ω) and the sequence (un)n≥0 converges to ϕ in
L2(∂Ω,Hd−1).

This definition is used in [2] with the objective to study the Dirichlet-to-Neumann operator, under the
hypothesis that Hd−1(∂Ω) < +∞ and that the only trace of 0 is 0 (this last condition is sufficient and

∗Université Gustave Eiffel, LAMA, (UMR 8050), UPEM, UPEC, CNRS, F-77454, Marne-la-Vallée (France)
robert.eymard, david.maltese, yannick.vincent@univ-eiffel.fr
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necessary for the uniqueness of the approximative trace). This uniqueness property is discussed in [3]
and is intensively studied in [16], considering functions on the boundary only locally integrable for the
measure Hd−1 (counter examples for this uniqueness are given in [4, Example 4.3] or [6, end of Section
3]). As noticed in these works, this uniqueness property is related to the fact that the boundary of the
domain may include points which are not connected with Ω, and are therefore not supporting the trace
of the elements of H1(Ω).

Similar observations are done in [17], in order to define the trace of functions of Sobolev spaces W 1,p(Ω)
with p > d on the boundary of general domains, with introducing a notion of “α-accessible points”.
Following the same kind of ideas, we define and study a measure on the boundary, denoted by µθ,
depending on the direction θ ∈ S, where S is the unit sphere of Rd, whose the support is determined
by the set ∂θΩ, containing the points of ∂Ω which are the extremity of open segments directed by θ and
included in Ω (see Definition 2.5 of a directional measure). A series of properties of this measure is proved
in Section 2, including an important one concerning the negligible sets for this measure (see Lemma 2.6
and corollary 2.7). The remaining of this paper is then devoted to the definition and the study of trace
operators which are integrable for the measures (µθ)θ∈S .

A first step in this direction is the definition, in Section 3, of a trace operator called the directional trace,
whose domain is the space Wθ(Ω) of all functions of L2(Ω) whose directional derivative ∂θu also belongs
to L2(Ω). For fixing ideas, let us suppose that θ = (1, 0, . . . , 0), and then that ∂θu is the derivative with
respect to the first coordinate. Lemma A.1 in the appendix shows that the elements v ∈Wθ(Ω) are such
that v(·, y) ∈ H1(ωθ(y)) for a.e. y ∈ Rd−1 such that ωθ(y) = {s ∈ R, (s, y) ∈ Ω} is non-empty. This
lemma is then extending some results proved in [13, Theorems 1 and 2], or in [8, Theorem 2 p. 164] for
the whole space, to the case of Wθ(Ω) for a general bounded open domain Ω. The directional trace γθu
is then defined as the one-dimensional trace of the functions v(·, y) at the points of ∂θΩ. Hence, in the
case of regular domains, the directional trace of a function u ∈ H1(Ω) ⊂Wθ(Ω) coincides with the trace
in the sense of [5].

We then show in Theorem 3.3 that this directional trace γθu is uniquely defined, up to negligible sets
for the measure µθ. Theorem 3.5 states that it belongs to the space L2(∂Ω, µθ) and that the following
integration by parts formula holds for any u, v ∈Wθ(Ω):∫

Ω

(u(x)∂θv(x) + v(x)∂θu(x))dx =

∫
∂Ω

γθu(z)γθv(z)− γ-θu(z-θ(z))γ-θv(z-θ(z))

|z − z-θ(z)|
dµθ(z), (1)

where the point z-θ(z) is the first intersection between ∂Ω and the half line starting from z with direction
−θ.

We then observe in a second step that the elements of H1(Ω) inherit the properties of the elements of
Wθ(Ω), since H1(Ω) =

⋂
θ∈SWθ(Ω). Then, for a given u ∈ H1(Ω), the question whether the values of

γθu(z) at a given point z ∈ ∂Ω are or are not depending on θ arises. Indeed, in the case of regular domains
for which there exists a trace for the elements of H1(Ω) in the standard sense, we already noticed that
this standard trace is equal to the directional trace in any direction θ ∈ S. Indeed, situations where one
can find θ 6= θ′ ∈ S, A ⊂ ∂Ω with µθ(A) > 0 and µθ′(A) > 0 and u ∈ H1(Ω) with γθu(z) 6= γθ′u(z)
for µθ-a.e. and µθ′ -a.e. z ∈ A are easy to provide (see examples 4.4 for a one-dimensional example of a
non-connected domain, and 4.5 for a two-dimensional example of a connected domain). Note that, even
in such situations, the integration by parts formula (1) still holds in H1(Ω) using the directional traces.

Since, in the case of a general domain, a unique trace function satisfying integration by parts formula
cannot be defined for all elements of H1(Ω), we define the set H1

tr(Ω) of all u ∈ H1(Ω) such that there
exists a unique function tr(u) ∈ L2(∂Ω, (µθ)θ∈S), which coincides with γθu for all θ ∈ S. The space
L2(∂Ω, (µθ)θ∈S) is defined as the equivalence class of functions belonging to L2(∂Ω, µθ) whose the norm
is bounded independently of θ (see Definition 4.3). We show in Theorem 4.6 that H1

tr(Ω), which is
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therefore the domain of the operator tr, is closed in H1(Ω). This trace operator can then be used for the
study of variational problems in general domains, since H1

tr(Ω) is a Hilbert space, and since the trace of
u ∈ H1

tr(Ω), equal to the directional traces by construction, therefore satisfies the integration by parts
formula (1). Note that, in the case of regular domains (see examples 2.8 and 3.8), the right-hand side of
(1) can be expressed through the use of the outward unit normal to the boundary n(z) and the measure
Hd−1: ∫

Ω

(u(x)∂θv(x) + v(x)∂θu(x))dx =

∫
∂Ω

tru(z)tr v(z) θ · n(z)dHd−1(z).

In the case of a general domain (see Example 3.4 of a cuspidal domain), it may happen that the measure
Hd−1(z) be defined a.e., but the function z 7→ tru(z)tr v(z) θ ·n(z) be not integrable (such questions are
discussed in [15]). We nevertheless prove in this paper that, even in such cases, the combination in the
right-hand side of (1) between the values of the traces of u and v at the two boundary points z and z-θ(z)
always provides an integrable function for the measure µθ.

A consequence of the fact that H1
tr(Ω) is closed in H1(Ω), is that it contains the closure H̃1(Ω) of

H1(Ω) ∩C0(Ω), which proves that the limit in L2(∂Ω, (µθ)θ∈S) of the restriction to the boundary of the
elements of H1(Ω) ∩ C0(Ω) is unique, contrarily to the approximative trace in the sense of Definition
1.1. We present in this paper a few examples where the notion of approximative trace in the sense of
Definition 1.1 cannot be used, or leads to uniqueness problems.
As a consequence of H̃1(Ω) ⊂ H1

tr(Ω), we observe that H1
tr(Ω) = H1(Ω) necessarily holds in all cases

where H̃1(Ω) = H1(Ω), for example in the following situations:

1. In the case where Ω is a Lipschitz domain, which implies that the trace constructed in this paper
coincides with the standard trace;

2. In the more general case where Ω has a continuous boundary (in the sense of the existence of
continuous local charts) [13, Theorem 2 p.11];

3. In the case where Ω is bounded by a Jordan curve [12, Theorem 1 p. 256]. This includes for example
the case of the Koch snowflake domain [11].

But we show on some examples that H1
tr(Ω) = H1(Ω) also holds in cases where H̃1(Ω) is strictly included

in H1
tr(Ω).

Note that all the results of the present paper can be extended to the case of W 1,p(Ω) for p ∈ [1,+∞).
Nevertheless, many open questions remain to be handled:

• The properties of domains Ω such that the trace as defined in this paper and the approximative
trace coincide have to be specified.

• The link between the collection of measures (µθ)θ∈S and the harmonic measures on ∂Ω remains to
be established in the general case, in the spirit of [7].

• The existence of situations where the directional traces of elements of H1(Ω) in all directions θ ∈ S
can take more than two values must be studied.

Notation for the whole paper:

• The dimension of the considered space is a strictly positive integer d, and Rd is defined as an
Euclidean space, with the Euclidean norm denoted by |x| for any x = (x1, . . . , xd) ∈ Rd.

• We denote by Ω ⊂ Rd a given non-empty bounded open set, and we denote by ∂Ω its boundary.
The diameter of Ω, that is the supremum of the Euclidean distance between two points of Ω, is
denoted by diam(Ω).
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• We denote by λd the d-dimensional Lebesgue measure in Rd, and we simplify the notation dλd(x)
in dx, for x ∈ Rd; we denote by λd−1 the (d− 1)-dimensional Lebesgue measure on any hyperplane
of Rd, identified with Rd−1 by any linear isometry.

• We denote by Hd−1 the (d− 1)-dimensional Hausdorff measure on Rd.

• Let (E, T,m) be a measured space (T is a σ-algebra and m is a measure on (E, T )). Any subset
of E is m-negligible if it is included in an element of T such that m(T ) = 0. Two functions f ,
g : E → R on E are m-a.e. equal if the set {x ∈ E, f(x) 6= g(x)} is m-negligible.

• We denote by Lp(E, T,m) (resp. Lp(E, T,m)) the space of all functions from E → R (resp. all
equivalence class for the relation m-a.e. equal) which are m-measurable for the σ-algebra T on E
(that is m-a.e. equal to a measurable function), and whose power p is integrable for the measure
m defined on (E, T ). We omit T when it is the Borel algebra on E.

• Due to risks of confusion with any ordered pair of values in this paper, we denote the open real
intervals ]a, b[ instead of (a, b).

2 Directional measures on the boundary

Let S be the unit sphere of Rd for the Euclidean norm, that is

S = {x ∈ Rd, |x| = 1}.

For any θ ∈ S and any x ∈ Ω, we denote by

δθ(x) := sup{s ∈ [0,+∞),∀t ∈ [0, s[, x+ tθ ∈ Ω} and zθ(x) := x+ δθ(x)θ ∈ ∂Ω, (2)

and we also denote by
`θ(x) := δθ(x) + δ-θ(x) = |zθ(x)− z-θ(x)|. (3)

Note that zθ(x), z-θ(x) ∈ ∂Ω and `θ(x) are constant on the segment {x+ sθ,−δ-θ(x) < s < δθ(x)}. If we
denote by z ∈ ∂θΩ the point zθ(x) and by ẑ ∈ ∂-θΩ the point z-θ(x), we can uniquely extend by continuity
the function z-θ and `θ to the point z with setting z-θ(z) = ẑ and `θ(z) = |z − ẑ|.

For any x ∈ Rd, we denote by Pθ(x) = x− (x · θ)θ the orthogonal projection on the hyperplane Hθ ⊂ Rd
orthogonal to θ passing by 0.
Let us define the following sets:

∀y ∈ Hθ, ωθ(y) = {s ∈ R such that sθ + y ∈ Ω} ⊂ R. (4)

Note that, for any y ∈ Pθ(Ω), ωθ(y) is a non-empty open subset of R. We then denote by Iθ(y) the non
empty countable set of disjoint bounded open intervals such that ωθ(y) =

⋃
]α,β[∈Iθ(y)]α, β[.

Let ∂θΩ be the part of the boundary defined by

∂θΩ := zθ(Ω) (5)

We then denote by

∂̃Ω =
⋃
θ∈S

∂θΩ ⊂ ∂Ω. (6)

We have the following properties.
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Lemma 2.1. Let z ∈ ∂θΩ. Then ωθ(Pθz) is a non-empty open subset of R and there exists ]α, β[∈ Iθ(Pθz)
such that z = Pθz + βθ. Therefore

∂θΩ := {z ∈ ∂Ω,∃r > 0, ∀t ∈ (0, r), z − tθ ∈ Ω} = {βθ + y, y ∈ Pθ(Ω), ]α, β[∈ Iθ(y)}, (7)

and
Pθ(Ω) = Pθ(∂θΩ). (8)

Proof. Let x ∈ Ω. Then, letting y = Pθ(x), there exist ]α, β[∈ Iθ(y) and s ∈]α, β[⊂ ωθ(y) such that
x = sθ + y. Then z := zθ(x) = βθ + y ∈ ∂θΩ and Pθ(z) = y. We then notice that, letting r = β − α, we
have x = z − tθ with t = β − s ∈ (0, r).

Lemma 2.2. The closure and the boundary of ∂̃Ω are equal to ∂Ω.

Proof. Let z ∈ ∂Ω, and let, for all n ∈ N, xn ∈ Ω such that the sequence (xn)n∈N converges to z as
n→ +∞. Hence xn 6= z for all n ∈ N. Let θn ∈ S such that

θn =
1

|z − xn|
(z − xn).

Let zn = zθn(xn) = xn +
δθn (xn)
|z−xn| (z − xn). We have zn ∈ ∂̃Ω and

0 <
δθn(xn)

|z − xn|
≤ 1,

since z belongs to the half line issued from x with direction θn. Therefore

|z − zn| ≤ |z − xn|,

which proves that z belongs to the closure of ∂̃Ω. Hence ∂Ω is a subset of the closure of ∂̃Ω. Since ∂Ω

is closed, this concludes the proof that ∂Ω is the closure of ∂̃Ω. Since the interior of ∂Ω is empty, we get

that ∂Ω is the boundary of ∂̃Ω.

Lemma 2.3. For any θ ∈ S the function δθ : Ω→ R is lower semicontinuous and therefore measurable.

Proof. Let x ∈ Ω, and let λ < δθ(x). Assume that, for all n ∈ N with B(x, 1
n+1 ) ⊂ Ω, there exists

xn ∈ B(x, 1
n+1 ) such that δθ(xn) < λ. It means that, for all n ∈ N, we can find tn ∈ (0, λ) with

xn + tnθ /∈ Ω. Let us consider a subsequence xϕ(n) for n ∈ N such that tϕ(n) converges to some t ∈ [0, λ].
Since the complementary of Ω is closed, and xϕ(n) → x as n→∞, we get that x+tθ /∈ Ω. This contradicts

0 ≤ t ≤ λ < δθ(x). Hence there exists n ∈ N with B(x, 1
n+1 ) ⊂ Ω such that, for all y ∈ B(x, 1

n+1 ), it
holds δθ(y) ≥ λ, which concludes the proof of the lemma.

Remark 2.4 The preceding proof could be extended to prove that the function defined on S × Ω by
(θ, x) 7→ δθ(x) is lower semicontinuous. �

Definition 2.5 (Directional measure on the boundary). We define the measure µθ on the boundary of
Ω by

µθ(A) =

∫
Ω

χA(zθ(x))dx, for any A ∈ B(∂Ω), (9)

where χA is the characteristic function of A and B(∂Ω) is the set of all Borel sets of ∂Ω (that is the
intersection with ∂Ω of Borel sets of Rd). Then µθ is a finite non-negative σ-additive function on B(∂Ω)
(that is to say a finite measure on B(∂Ω)) since it is bounded by λd(Ω) ≤ diam(Ω)d.
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Lemma 2.6. Let θ ∈ S. Let A be a non-empty element of B(∂θΩ), where B(∂θΩ) is the family of all
Borel sets of ∂θΩ ⊂ ∂Ω. Then µθ(A) > 0 if and only if λd−1(Pθ(A)) > 0.

Proof. Let A be a non-empty element of B(∂θΩ). We proceed in several steps.
Step 1. Using the notations of (4) we have∫

Ω

χA(zθ(x))dx =

∫
Hθ

(∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s)
)

dλd−1(y)

=

∫
PθA

(∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s)
)

dλd−1(y) +

∫
Hθ\PθA

(∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s)
)

dλd−1(y).

Step 2. Let y ∈ Hθ \ PθA such that ωθ(y) is non-empty and let s ∈ ωθ(y). We have zθ(sθ + y) =
(s + δθ(sθ + y))θ + y which gives Pθzθ(sθ + y) = y ∈ Hθ \ PθA. This implies that zθ(sθ + y) ∈ ∂Ω \ A
for any y ∈ Hθ \ PθA such that ωθ(y) is non-empty and for any s ∈ ωθ(y). We obtain∫

Hθ\PθA

(∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s)
)

dλd−1(y) = 0.

Step 3. Let y ∈ PθA. We have the following remarks.

1. There exists zy ∈ A such that y + (zy · θ)θ = zy.

2. Using the fact that A is a subset of ∂θΩ we obtain the existence of ry > 0 such that zy − tθ ∈ Ω for
any t ∈ (0, ry). Therefore ](zy · θ)− ry, (zy · θ)[ is a non-empty open subset of ωθ(y).

3. We then have zθ(sθ + y) = zy for any s ∈](zy · θ)− ry, (zy · θ)[.

We thus obtain∫
](zy·θ)−ry,(zy·θ)[

χA(zθ(sθ + y))dλ1(s) =

∫
](zy·θ)−ry,(zy·θ)[

χA(zy)dλ1(s) = ry.

This implies ∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s) > 0, for any y ∈ PθA.

Step 4. We obtain

µθ(A) =

∫
PθA

(∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s)
)

dλd−1(y)

with ∫
ωθ(y)

χA(zθ(sθ + y))dλ1(s) > 0, for any y ∈ PθA.

We can now prove the lemma. If µθ(A) > 0, the preceding equality imposes that λd−1(Pθ(A)) > 0.
Reciprocally, if λd−1(Pθ(A)) > 0, then the preceding equality imposes µθ(A) > 0.

We have the following corollary.

Corollary 2.7. We have the following properties.

1. The measurable set ∂Ω \ ∂θΩ is µθ-negligible (which means that µθ(∂Ω \ ∂θΩ) = 0.)

2. Let A be a non-empty subset of ∂Ω. Then A is µθ-negligible if and only if Pθ(A ∩ ∂θΩ) is λd−1-
negligible.
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Proof. We have ∂Ω \ ∂θΩ = {z ∈ ∂Ω such that for all r > 0, there exists t ∈ (0, r) with z − tθ /∈ Ω}.
Therefore, by definition of zθ the set zθ(Ω) ∩ (∂Ω \ ∂θΩ) is empty. This implies that µθ(∂Ω \ ∂θΩ) = 0.

Let A be a non-empty subset of ∂Ω. Let us assume that A is µθ-negligible in (∂Ω,B(∂Ω), µθ). This
means that there exists N ∈ B(∂Ω) such that A ⊂ N and µθ(N) = 0. Then A ∩ ∂θΩ is a subset of
N ∩ ∂θΩ ∈ B(∂θΩ) and µθ(N ∩ ∂θΩ) = 0. Applying Lemma 2.6, we obtain that Pθ(A ∩ ∂θΩ) is a
subset of Pθ(N ∩ ∂θΩ) with λd−1(Pθ(N ∩ ∂θΩ)) = 0. This implies that Pθ(A∩ ∂θΩ) is λd−1-negligible in
(Hθ,B(Hθ), λ

d−1).

Let us assume Pθ(A ∩ ∂θΩ) is λd−1-negligible in (Hθ,B(Hθ), λ
d−1). There exists N ∈ B(Hθ) such that

Pθ(A ∩ ∂θΩ) is a subset of N and λd−1(N) = 0. We have A ∩ ∂θΩ is a subset of P−1
θ N ∩ ∂θΩ ∈ B(∂θΩ)

and Pθ(P−1
θ N ∩ ∂θΩ) is a subset of N . Applying Lemma 2.6, we obtain that µθ(P−1

θ N ∩ ∂θΩ) = 0 which
implies that the set A∩ ∂θΩ is µθ-negligible. Using the fact that A∩ ∂Ω \ ∂θΩ is µθ-negligible we obtain
that the set A is µθ-negligible in (∂Ω,B(∂Ω), µθ).

Example 2.8 Case of a regular domain. Let Ω be such that there exists a unit outward normal n(z)
to the boundary for Hd−1-a.e. z ∈ ∂Ω such that a Green formula holds. Let ϕ ∈ C0(∂Ω) be given. We
define the function u : Ω→ Rd such that u(x) =

(
(x− z-θ(x)) · θ

)
ϕ(zθ(x))θ. We notice that u ∈ Hdiv(Ω)

with divu(x) = ϕ(zθ(x)) (it suffices to consider a basis with θ as first vector). We also notice that the
function u has a normal trace γu ∈ L∞(∂Ω,Hd−1) which is such that γu(z) = ϕ(z)`θ(z) max(θ ·n(z), 0)
for Hd−1-a.e. z ∈ ∂Ω. Then, applying the divergence theorem (also named the Gauss-Green theorem
[14]), we get ∫

Ω

divu(x)dx =

∫
Ω

ϕ(zθ(x))dx =

∫
∂Ω

ϕ(z)`θ(z) max(θ · n(z), 0)dHd−1(z).

This proves that µθ(z) = `θ(z) max(θ · n(z), 0)Hd−1(z). �

Example 2.9 Complementary of Cantor set.
For ρ ∈]0, 1

3 ], we construct the ρ-Cantor set, denoted by Cρ ⊂ [0, 1] by the following procedure.

• We define a1 = 0 and b1 = 1;

• We define the values c1 = a1+b1
2 − ρ

2 and d1 = a1+b1
2 + ρ

2 ;

• We define a2 = a1, b2 = c1, a3 = d1, b3 = b1;

• For m = 2k, . . . , 2k+1 − 1, we define cm = am+bm
2 − ρk+1

2 and dm = am+bm
2 + ρk+1

2 ;

• For m = 2k, . . . , 2k+1 − 1, we define a2m = am, b2m = cm, a2m+1 = dm, b2m+1 = bm;

We set
Ω =

⋃
m≥1

]cm, dm[.

Then Cρ = ∂Ω = [0, 1] \Ω, since Ω is dense in [0, 1]. If ρ = 1/3, we recover the well-known “middle third
Cantor set”.
The Lebesgue measure of Ω is equal to ρ

1−2ρ , therefore the Lebesgue measure of Cρ is equal to 1−3ρ
1−2ρ .

Then the unit sphere is S = {−1, 1}. The measure µ1 (resp. µ-1) is the discrete measure on points dm
(resp. cm) with weight dm − cm. This means that, for any A ∈ B(∂Ω),

µ1(A) =
∑
m≥1

(dm − cm)χA(dm) and µ-1(A) =
∑
m≥1

(dm − cm)χA(cm).
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The Hausdorff measure H0 (which is the counting measure) of ∂Ω is infinite, the Hausdorff measure H1

(which coincide with the Lebesgue measure) of ∂Ω is null for ρ = 1/3 and strictly positive for ρ < 1/3.
�

3 Directional trace

We now choose in this section a direction θ ∈ S.
The strong sense of the directional derivative along θ of any function ϕ ∈ C∞c (Ω), denoted in this section
by ∂θϕ, is defined by

∀x ∈ Ω, ∂θϕ(x) = lim
h→0

1

h
(ϕ(x+ hθ)− ϕ(x)) = θ · ∇ϕ(x),

using the Euclidean scalar product in Rd. For any u ∈ L2(Ω), we say that u admits a directional derivative
along θ in the weak sense if there exists v ∈ L2(Ω) such that

∀ϕ ∈ C∞c (Ω),

∫
Ω

u(x)∂θϕ(x)dx = −
∫

Ω

v(x)ϕ(x)dx. (10)

In this case, v is uniquely defined, and we denote by ∂θu = v. Note that, in the case u ∈ C∞c (Ω), we
retrieve the same function as the one defined by the strong sense. We then define

Wθ(Ω) = {u ∈ L2(Ω); ∂θu ∈ L2(Ω)}.

Then Wθ(Ω) is a Hilbert space, with the scalar product

〈u, v〉θ =

∫
Ω

(u(x)v(x) + ∂θu(x)∂θv(x))dx.

Let us observe that Wθ(Ω) = W-θ(Ω), ∂-θ = −∂θ, Hθ = H-θ, Pθ = P-θ and 〈u, v〉θ = 〈u, v〉-θ. Finally, we
observe that, if z ∈ ∂θΩ, then z-θ(z) ∈ ∂-θΩ and that, if ]α, β[∈ Iθ(y), then ]− β,−α[∈ I-θ(y).
Notice that ∂θΩ, µθ on one hand, and ∂-θΩ, µ-θ on the other hand, are different in the general case. Indeed,
it may hold ∂θΩ∩∂-θΩ = ∅ in some situations. For example, if Ω is C1 regular, ∂θΩ = {z ∈ ∂Ω; θ·n(z) > 0}
and ∂-θΩ = {z ∈ ∂Ω; θ ·n(z) < 0}. But there are situations where ∂θΩ∩ ∂-θΩ 6= ∅ (see Examples 4.4 and
4.5). A case where ∂θΩ = ∂-θΩ is given by θ = ±1 and Ω =

⋃
n∈N? ]− 1 + 1

n+1 ,−1 + 1
n [∪

⋃
n∈N? ]1− 1

n , 1−
1

n+1 [.

Definition 3.1 (Directional trace in the direction θ). Let u ∈Wθ(Ω). We say that a function g : ∂Ω→ R
is a directional trace of u in the direction θ if, there exists a representative of u, again denoted by u, and
there exists a set A ⊂ Pθ(Ω) such that (see notation of section 2):

the set Pθ(Ω) \A is λd−1-negligible, (11)

for any y ∈ A and any ]α, β[∈ Iθ(y), f :]α, β[→ R, s 7→ u(sθ + y) is such that f ∈ H1(]α, β[),

and g is such that g(βθ + y) = Tβ(f), (12)

where, for any α < β ∈ R and f ∈ H1(]α, β[), we denote by Tβ(f) the value in β of the representative
of f which belongs to C0([α, β]). We then define the directional trace of u in the direction θ, denoted by
γθu, as the set of all directional traces of u in the direction θ in the preceding sense.
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Note that the same definition applies, changing θ in −θ. In Definition 3.1, we can in fact choose any
representative of u as stated in the following lemma.

Lemma 3.2. Let u ∈ Wθ(Ω) and let g : ∂Ω → R be a directional trace in the direction θ in the sense
of Definition 3.1. Let u1 be a representative of u and let A1 ⊂ Pθ(Ω) be such that (11)-(12) hold with
u = u1 and A = A1. Then, for any representative u2 of u, there exists A2 ⊂ Pθ(Ω) such that (11)-(12)
hold with u = u2 and A = A2.

Proof. Let Â ⊂ Pθ(Ω), whose the complementary in Pθ(Ω) is λd−1-negligible, be such that, for all y ∈ Â,

u1(sθ + y) = u2(sθ + y) for a.e. s ∈ ωθ(y). Then for all y ∈ A2 := Â ∩ A1 (whose complementary in
Pθ(Ω) is therefore λd−1-negligible), for any ]α, β[∈ Iθ(y), the function f :]α, β[→ R, s 7→ u1(sθ + y) is
such that f(s) = u2(sθ + y) for a.e. s ∈]α, β[, f ∈ H1(]α, β[) and g(βθ + y) = Tβ(f). Hence (11)-(12)
hold with u = u2 and A = A2.

In Example 3.4, we give an example of directional trace for a function which belongs to Wθ(Ω) in the
case of a non-Lipschitz domain.

The following lemma provides a link between the notions of directional trace and directional measure
introduced in Section 2.

Theorem 3.3 (Directional traces and measures µθ and µ-θ). Let u ∈Wθ(Ω) = W-θ(Ω). Then there exists
a directional trace g (resp. g-) : ∂Ω→ R of u in the direction θ (resp. −θ) in the sense of Definition 3.1,
which moreover is measurable for the Borel σ-algebra.
Moreover, any function g̃ : ∂Ω→ R (resp. g̃-) is a directional trace of u in the direction θ (resp. −θ) in
the sense of Definition 3.1 if and only if g̃(z) = g(z) for µθ-a.e. z ∈ ∂Ω (resp. g̃-(z) = g-(z) for µ-θ-a.e.
z ∈ ∂Ω).
Therefore the directional trace of u in the direction θ (resp. −θ) denoted by γθu (resp. γ-θu) in Definition
3.1 is an equivalence class, for the relation µθ-a.e. equal (resp. µ-θ-a.e. equal), of a measurable function
for the Borel σ-algebra.

Proof. We only write the proof for θ, the proof for -θ is obtained by changing θ in −θ everywhere.

Step 1: existence of a directional trace.

We again denote by u a representative of u. Let ψ be any isometry from Rd−1 → Hθ ⊂ Rd (recall that
Hθ is the hyperplane which is orthogonal to θ and contains the point 0), let

Ω̃ = {(s, ỹ) ∈ R× Rd−1, sθ + ψ(ỹ) ∈ Ω}.

Let v be the function defined on Ω̃ by v(s, ỹ) = u(sθ+ψ(ỹ)). Then, using the notations of Appendix A, we

get that v is a representative of an element of W1(Ω̃) with ∂1v(s, ỹ) = ∂θu(sθ + ψ(ỹ)). Applying Lemma

A.1 to v, we get the existence of the measurable set A1 ⊂ P1(Ω̃) ⊂ Rd−1 such that the complementary

of A1 in P1(Ω̃) is λd−1-negligible, and for all ỹ ∈ A1, v(·, ỹ) ∈ H1(ω1(ỹ)). Denoting by A = ψ(A1), we
get that, for any y ∈ A, it holds u(· θ + y) ∈ H1(ωθ(y)), since ωθ(y) = ω1(ψ−1(y)). Notice that the
complementary of A in Pθ(Ω) is λd−1-negligible. We then define g : ∂Ω → R by setting, for any y ∈ A
and any ]α, β[∈ Iθ(y), g(βθ + y) = Tβ(f), where f(s) = u(sθ + y) for a.e. s ∈]α, β[. We then prescribe
g(z) = 0 for any other z ∈ ∂Ω.

We then observe that, for any s ∈]α, β[ and x = sθ + y, we have z-θ(x) = αθ + y, zθ(x) = βθ + y and
β −α = δ-θ(x) + δθ(x). Therefore we get from (25) that, for all x ∈ Ω such that Pθ(x) ∈ A, the following
holds:

g(zθ(x)) =
1

δ-θ(x) + δθ(x)

∫ δθ(x)

-δ-θ(x)

(
u(t θ + x) + (t+ δ-θ(x))∂θu(t θ + x)

)
dt, (13)

9



which leads to the measurability of g for the Borel σ-algebra.

Step 2: all directional traces are µθ-a.e. equal.

Let g (resp. g̃) be two directional traces of u in the direction θ in the sense of Definition 3.1. Let u again

denote a representative of u, and let A (resp. Ã) be a subset of Pθ(Ω) such that (11)-(12) hold for g,

u and A on one hand, g̃, u and Ã on the other hand (owing to Lemma 3.2, we can consider the same

representative of u for satisfying (11)-(12) with g and g̃). Then the complementary of A ∩ Ã in Pθ(Ω) is

λd−1-negligible, and, for all y ∈ A ∩ Ã and a.e. s ∈ ωθ(y) and for any ]α, β[∈ Iθ(y), then g(βθ + y) =
g̃(βθ + y). Using Lemma 2.1, we obtain that the set {z ∈ ∂θΩ such that g(z) = g̃(z) and Pθz ∈ A} is a
subset of {g = g̃} ∩ ∂θΩ. Applying corollary 2.7, this implies that g(z) = g̃(z) for µθ-a.e. z ∈ ∂Ω.

Step 3: any function µθ-a.e. equal to a directional trace is a directional trace.

Let g be a directional trace of u in the direction θ in the sense of Definition 3.1. Let g̃ : ∂Ω→ R be such
that g(z) = g̃(z) for µθ-a.e. z ∈ ∂Ω. We then define

Â = {y ∈ Pθ(Ω),∀]α, β[∈ Iθ(y), g(βθ + y) = g̃(βθ + y)}.

From Lemma 2.6, we get that the complementary of Â in Pθ(Ω) is λd−1-negligible. Considering a
representative of u again denoted by u, let A be a subset of Pθ(Ω) such that (11)-(12) are satisfied for g,
u and A. We then have the following:

• the complementary of A ∩ Â in Pθ(Ω) is λd−1-negligible,

• for any y ∈ A ∩ Â, we have uθ,y ∈ H1(ωθ(y)); then, for any ]α, β[∈ Iθ(y), since βθ + y ∈ ∂θΩ and

y ∈ Â, we have g̃(βθ + y) = g(βθ + y) = Tβ(f), where f(s) = u(sθ + y) for a.e. s ∈]α, β[.

Therefore (11)-(12) hold with g̃, u and A∩Â, which shows that g̃ is a directional trace of u in the direction
θ in the sense of Definition 3.1.

Figure 1: Cuspidal domain Ω in Example 3.4.

Example 3.4 [Case of a cuspidal domain] Let us assume that Ω ⊂ R2 is the (non-Lipschitz) domain
defined by (see Figure 1)

Ω = {(x1, x2) ∈ R×]0, 1[;−x3
2 < x1 < x3

2}.
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Assume that θ = (1, 0). Then we get for any (x1, x2) ∈ Ω that zθ(x1, x2) = (x3
2, x2), `θ(x1, x2) = 2x3

2.
Considering the right side of the domain (in red in Figure 1), we have θ ·n(x3

2, x2) = 1√
1+9x4

2

, the measure

µθ(x
3
2, x2) is equal to

2x3
2√

1+9x4
2

H1(x3
2, x2) for a.e. x2 ∈]0, 1[, and µθ is equal to 0 on the remaining of the

boundary (in black in Figure 1). Then the function u(x1, x2) = x−α2 belongs to H1(Ω) ⊂ Wθ(Ω) for any
α ∈] 1

2 , 1[ (indeed, the function x−2α−2
2 × x3

2 is integrable on ]0, 1[), and a directional trace of u in the

sense of Definition 3.1 is the function g(x1, x2) = x−α2 on all edges. In this case, g is also equal a.e. to
the trace of u as defined in Section 4. Note that g ∈ L2(∂Ω, µθ) but g /∈ L2(∂Ω,H1) (the function x−2α

2

is not integrable on ]0, 1[). �

Theorem 3.5. The operators γθ and γ-θ defined in Theorem 3.3, for all u ∈ Wθ(Ω), as the directional
traces in the respective directions θ and −θ on the boundary, satisfy the following properties.

• For any u ∈Wθ(Ω), then γθu ∈ L2(∂Ω, µθ) and∫
∂Ω

(γθu(z))2dµθ(z) ≤ 2 max(1,diam(Ω)2)‖u‖2θ, (14)

• For any u ∈Wθ(Ω) such that γθu(z) = 0 for µθ-a.e. z ∈ ∂Ω, then the following Poincaré inequality
holds:

‖u‖L2(Ω) ≤ diam(Ω)‖∂θu‖L2(Ω). (15)

• For any u ∈Wθ(Ω), the pair of functions (γθu, γ-θu) satisfies the following inequalities:∫
∂Ω

(
γθu(z) + γ-θu(z-θ(z))

)2

dµθ(z) ≤ 4 max(1,diam(Ω)2)‖u‖2θ, (16)

and ∫
∂Ω

(γθu(z)− γ-θu(z-θ(z))

|z − z-θ(z)|

)2

dµθ(z) ≤ ‖u‖2θ. (17)

• For any u, v ∈Wθ(Ω), we have∫
Ω

(u(x)∂θv(x) + v(x)∂θu(x))dx =

∫
∂Ω

γθu(z)γθv(z)− γ-θu(z-θ(z))γ-θv(z-θ(z))

|z − z-θ(z)|
dµθ(z). (18)

The same properties hold for −θ, changing θ in −θ.

Proof. Let u ∈ Wθ(Ω), let g be a representative of γθu which is a directional trace of u in the sense of
Definition 3.1. We again denote by u a representative of u and by A ⊂ Pθ(Ω) a set such that (11)-(12)
hold. We have, using the notation of Definition 3.1 and accounting for (9),∫

∂Ω

g(z)2dµθ(z) =

∫
Ω

g(zθ(x))2dx =

∫
Hθ

( ∑
]α,β[∈Iθ(y)

∫
]α,β[

g(βθ + y)2dλ1(s)
)

dλd−1(y)

=

∫
Hθ

( ∑
]α,β[∈Iθ(y)

(β − α) g(βθ + y)2
)

dλd−1(y).
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Applying (26) in Lemma A.3 to the function uθ,y, we get∫
Ω

g(zθ(x))2dx ≤
∫
Hθ

( ∑
]α,β[∈Iθ(y)

‖uθ,y‖2H1(]α,β[)2 max(1, (β − α)2)dλd−1(y)

≤ 2 max(1,diam(Ω)2)

∫
Hθ

‖uθ,y‖2H1(ωθ(y))dλ
d−1(y).

We then notice that

‖uθ,y‖2H1(ωθ(y)) =

∫
ωθ(y)

(u(sθ + y)2 + ∂θu(sθ + y)2)dλ1(s).

This proves (14). We then observe that, for any uθ,y ∈ H1(ωθ(y)) such that g(βθ + y) = 0, (29) implies

‖uθ,y‖2L2(ωθ(y)) ≤ diam(Ω)2‖Duθ,y‖2L2(ωθ(y)).

Since β − α ≤ diam(Ω) and integrating with respect to y ∈ Pθ(Ω) provides (15).
The proofs of (16) and (17) are similar, accounting for (27) and (28) in Lemma A.3. Finally, we observe
that the following integration by parts relation holds for any f, g ∈ H1(]α, β[) ∩ C0([α, β]),∫

]α,β[

(f(s)Dg(s) +Df(s)g(s))dλ1(s) = f(β)g(β)− f(α)g(α).

Noticing that, letting ` = β − α, a = f(β), b = f(α), a′ = g(β), b′ = g(α), we have

∣∣aa′ − bb′
`

∣∣ =
1

2

∣∣∣a− b
`

(a′ + b′) +
a′ − b′

`
(a+ b)

∣∣∣ ≤ 1

4

(
(
a− b
`

)2 + (a′ + b′)2 + (
a′ − b′

`
)2 + (a+ b)2

)
,

we get from inequalities (16) and (17) that the right-hand-side of (18) is well defined. Hence, we can
obtain (18), following the same integration rules as those used in the proof of (14).

Remark 3.6 As noticed in the introduction, we cannot give a sense in (18) to
∫
∂Ω

γθuγθv
`θ

dµθ nor to∫
∂Ω

γ-θuγ-θv
`-θ

dµ-θ since we need to combine both terms for getting integrable functions. Consider the

domain in Example 3.4, and the functions u(x1, x2) = v(x1, x2) = x−α2 with α ∈] 1
2 , 1[, then γθuγθv

`θ
is not

integrable for the measure µθ. �

Remark 3.7 Note that Wθ(Ω) is the domain of the operator ∂θ defined by (10) as the adjoint in
L2(Ω) of the skew-symmetric operator −∂θ with domain C∞c (Ω). Hence we know from [1] that there
exist Hilbert spaces H+ and H- and two continuous operators G± : Wθ(Ω)→ H± such that the mapping
u 7→ (G+(u), G-(u)) defined from Wθ(Ω) to H+ ×H- is surjective, and

∀u, v ∈Wθ(Ω),

∫
Ω

(
u(x)∂θv(x) + v(x)∂θu(x)

)
dx = 〈G+u,G+v〉H+

− 〈G-u,G-v〉H- .

We get from Theorem 3.5 that we can define H± = G±(Wθ(Ω)) = L2(∂Ω, µθ) with G± : Wθ(Ω) →
L2(∂θΩ, µθ) given by

G+u(z) =
1

4

(
a+ b+

a− b
`

)
and G-u(z) =

1

4

(
a+ b− a− b

`

)
,

for µθ-a.e. z ∈ ∂Ω, letting ` = `θ(z), a = γθu(z) and b = γ-θu(z-θ(z)). The surjectivity of the mapping
u 7→ (G+(u), G-(u)), from Wθ(Ω) to L2(∂Ω, µθ)

2, is a consequence of the fact that, for any a, b ∈ R, the
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function f : s 7→ a+ (b− a) s−αβ−α is such that f ∈ H1(]α, β[) with Tβ(f) = b and Tα(f) = a . �

Example 3.8 [Case of a regular domain] Let us assume that Ω is a regular domain in the sense of
Example 2.8, again denoting by n(z) the unit outward vector for a.e. z ∈ ∂Ω. Then the measure on ∂Ω

defined by ϕ 7→
∫

Ω
ϕ(zθ(x))
`θ(x) dx is equal to max(θ · n(z), 0)Hd−1(z). �

Lemma 3.9 (Restriction to an open subset of Ω). Let Ω̂ ⊂ Ω be an open set. We denote by µ̂θ, ẑθ, γ̂θ
the quantities µθ, zθ, γθ replacing Ω by Ω̂. Let u ∈ H1(Ω), and let û denote the restriction of u to Ω̂.
Let g (resp ĝ) be a directional trace of u (resp. û) in the direction θ in the sense of Definition 3.1. Then

ĝ(z) = g(z) for µθ-a.e. and µ̂θ-a.e. z ∈ ∂θΩ̂ ∩ ∂θΩ.

Proof. We select a representative of u, again denoted by u, and we again denote by û the restriction of
the representative u to Ω̂. Let A (resp Â) such that (11)-(12) hold, choosing the representative u (resp.
û).

Then for all y ∈ A, we have u(·θ+ y) ∈ H1(ωθ(y)) and for all y ∈ Â, we also have û(·θ+ y) = u(·θ+ y) ∈
H1(ω̂θ(y)), and the sets Pθ(∂θΩ̂) \ Â and Pθ(∂θΩ) \A are λd−1-negligible. Let us define

B = {z ∈ ∂θΩ̂ ∩ ∂θΩ, g(z) = ĝ(z)},

and
B̃ = {z ∈ ∂θΩ̂ ∩ ∂θΩ,Pθ(z) ∈ A ∩ Â}.

We get from (12) that, for z ∈ B̃, it holds g(z) = ĝ(z). This proves that B̃ ⊂ B.

Let y ∈ Pθ(∂θΩ̂ ∩ ∂θΩ \ B). We therefore have that, for z ∈ ∂θΩ̂ ∩ ∂θΩ \ B such that y = Pθ(z),
g(z) 6= ĝ(z), which means that y /∈ A ∩ Â. If y ∈ A, this implies that y /∈ Â, which means that

y ∈ ∂θ(Ω̂) \ Â. If y ∈ Â, this implies that y /∈ A, which means that y ∈ ∂θ(Ω) \ Â. If y /∈ A∪ Â, it means

that y ∈ (∂θ(Ω̂) \ Â) ∪ (∂θ(Ω) \A). Therefore

Pθ(∂θΩ̂ ∩ ∂θΩ \B) ⊂ (Pθ(∂θΩ) \A) ∪ (Pθ(∂θΩ̂) \ Â).

This implies that the set Pθ(∂θΩ̂∩∂θΩ\B) is λd−1-negligible. Therefore, from Corollary 2.7, we get that

∂θΩ̂ ∩ ∂θΩ \B is both µθ-negligible and µ̂θ-negligible.

Remark 3.10 Lemma 3.9 cannot state that ĝ(z) = g(z) for µθ-a.e. and µ̂θ-a.e. z ∈ ∂Ω̂ ∩ ∂Ω instead

of z ∈ ∂θΩ̂ ∩ ∂θΩ. Indeed, let us consider the case Ω =]0, 1[ and Ω̂ =
⋃
n∈N? ] 1

2n+1 ,
1

2n [. Then, for

θ = −1, ∂θΩ̂ = { 1
2n+1 , n ∈ N?}, 0 ∈ ∂Ω̂ and ∂θΩ = {0}. Then one can take any value for ĝ(0) such that

ĝ(0) 6= g(0) (since µ̂θ({0}) = 0) whereas µθ({0}) = 1. �

4 Trace operator on H1(Ω)

Let us observe that
H1(Ω) =

⋂
θ∈S

Wθ(Ω),

and that, for all θ ∈ S and u ∈ H1(Ω), we have ‖u‖θ ≤ ‖u‖H1(Ω). This leads to the following definition.
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Definition 4.1. Let L2(∂Ω, (µθ)θ∈S) denote the set of all functions f : ∂Ω → R such that there exists
M ≥ 0 and for all θ ∈ S, there exists gθ ∈ L2(∂Ω, µθ) with f(z) = gθ(z) for µθ-a.e. z ∈ ∂Ω and∫

Ω
|gθ|2dµθ ≤M .

We say that, for f, g ∈ L2(∂Ω, (µθ)θ∈S), f is equivalent to g if, for all θ ∈ S, f(z) = g(z) for µθ-
a.e. z ∈ ∂Ω and we define L2(∂Ω, (µθ)θ∈S) as the set of all equivalence classes of the elements of
L2(∂Ω, (µθ)θ∈S), normed by

∀g ∈ L2(∂Ω, (µθ)θ∈S), ‖g‖2L2(∂Ω,(µθ)θ∈S) = sup
θ∈S

∫
Ω

|g|2dµθ

Note that, for f, g ∈ L2(∂Ω, (µθ)θ∈S), f is equivalent to g if, for all θ ∈ S, f(z) = g(z) for µθ-a.e. z ∈ ∂̃Ω

where ∂̃Ω ⊂ ∂Ω is defined by (6), which is a dense subset of ∂Ω (see Lemma 2.2).
The set L2(∂Ω, (µθ)θ∈S) satisfies the following property.

Lemma 4.2. The space L2(∂Ω, (µθ)θ∈S) is a Banach space.

Proof. Letting E = ∂Ω and T be the σ-algebra of all Borel sets on ∂Ω, Lemma B.2 in the appendix proves
that L1(∂Ω, (µθ)θ∈S) is a Banach space. We then observe that L2(∂Ω, (µθ)θ∈S) ⊂ L1(∂Ω, (µθ)θ∈S) since
µθ(∂Ω) is bounded independently of θ ∈ S.

Definition 4.3 (Trace operator on H1(Ω)). We define the domain H1
tr(Ω) of the trace operator as the

set of all u ∈ H1(Ω) such that there exists a function g ∈ L2(∂Ω, (µθ)θ∈S) such that for all θ ∈ S we have
γθu(z) = g(z) for µθ-a.e. z ∈ ∂Ω. Then g is unique and is called the trace of u on ∂Ω, denoted by tr(u).

Example 4.4 1D case where H1
tr(Ω) 6= H1(Ω).

Let us take the example Ω =]0, 1[∪]1, 2[, and u(x) = x for x ∈]0, 1[, and u(x) = x− 1 for x ∈]1, 2[. Then
γ1u(1) = 1, γ1u(2) = 1, γ-1u(0) = 0, γ-1u(1) = 0. Hence in general, for z ∈ ∂Ω, γθu(z) is not constant
with respect to θ. �

Example 4.5 2D case where H1
tr(Ω) 6= H1(Ω).

Let us consider Ω = (]0, 1[×]−1, 1[)\ ({ 1
2}× [0, 1]). We define the function u(x1, x2) = −x2 for (x1, x2) ∈

]0, 1
2 [×]0, 1[, u(x1, x2) = x2 for (x1, x2) ∈] 1

2 , 1[×]0, 1[ and u(x1, x2) = 0 for (x1, x2) ∈]0, 1[×]− 1, 0[. The
domain is connected, contrarily to Example 4.4, and γ(1,0)u(( 1

2 , s)) = −s and γ(−1,0)u(( 1
2 , s)) = s for all

s ∈]0, 1[. �

Theorem 4.6 (H1
tr(Ω) is closed). Let Ω be any open bounded subset of Rd with d ∈ N\{0}. Then H1

tr(Ω)

is closed, and therefore contains the closure H̃1(Ω) of H1(Ω) ∩C0(Ω) in H1(Ω). Moreover, the operator
tr : H1

tr(Ω)→ L2(∂Ω, (µθ)θ∈S) is continuous and, for all u, v ∈ H1
tr(Ω) and θ ∈ S, we have:∫

Ω

(u(x)∂θv(x) + v(x)∂θu(x))dx =

∫
∂Ω

tr(u)(z)tr(v)(z)− tr(u)(z-θ(z))tr(v)(z-θ(z))

|z − z-θ(z)|
dµθ(z). (19)

Proof. Recall that, using (14) in Theorem 3.3, we have, for any u ∈ H1
tr(Ω) and any θ ∈ S,∫

∂Ω

|tr(u)|2dµθ =

∫
∂Ω

|γθu|2dµθ ≤ 2 max(1,diam(Ω)2)‖u‖2H1(Ω).

We get that, for any Cauchy sequence (un)n∈N of elements of H1
tr(Ω) with limit u ∈ H1(Ω), the sequence

(tr(un))n∈N converges in L2(∂Ω, (µθ)θ∈S) which is a Banach space by Lemma 4.2. Denoting by g its
limit, we get that g = γθu µθ-a.e. on ∂Ω, which proves that u ∈ H1

tr(Ω).
Then (19) is a consequence of Theorem 3.5.
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Figure 2: Domain Ω in Example 4.9.

Definition 4.7 (Functions with null trace). We define H1
tr,0(Ω) = {u ∈ H1

tr(Ω) such that tr(u) = 0}.

Remark 4.8 Note that H1
0 (Ω) ⊂ H1

tr,0(Ω) ⊂ H1
tr(Ω) and that

H1
tr,0(Ω) = {u ∈ H1(Ω) such that γθu = 0 for any θ ∈ S}.

�

Example 4.9 Case where H1
0 (Ω) 6= H1

tr,0(Ω) In [3, example 5.3], the authors consider the case d = 2,

they define the set S = (C 1
3
− 1

2 )×{0} (the 1D middle third Cantor set is then inserted in the 2D space)

and they set Ω = B(0, 2) \ S, which implies that ∂Ω = S ∪ ∂B(0, 2) (see Figure 2). Then they prove
that the harmonic function u ∈ H1

loc(Ω) ∩ C0(Ω) such that u(z) = 1 for all z ∈ S and u(z) = 0 for all
z ∈ ∂B(0, 2) verifies u ∈ H1(Ω). They also prove that u /∈ H1

0 (Ω) and that the approximative trace of
u in the sense of Definition 1.1 is null, since the Hausdorff one-dimensional measure of S is null. In this
case, the notion of approximative trace and of trace in the sense of Definition 4.3 coincide. Indeed Lemma
2.6 proves that µθ(S) = 0 for any θ ∈ S (note that ρ = 1

3 is the limit case where λ1(Cρ) = H1(Cρ) = 0).
This yields γθu(z) = 0 for µθ-a.e. z ∈ ∂Ω for all θ ∈ S, and therefore u ∈ H1

tr,0(Ω).
�

We then have the following lemma.

Lemma 4.10. For any u ∈ H1(Ω) such that there exists θ ∈ S with γθu(z) = 0 for µθ-a.e. z ∈ ∂Ω, then

‖u‖L2(Ω) ≤ diam(Ω)‖∇u‖L2(Ω). (20)

Therefore the space H1
tr,0(Ω) is a Hilbert space, with the scalar product 〈u, v〉 :=

∫
Ω
∇u(x) · ∇v(x)dx.

Proof. For any θ ∈ S, |∂θu| ≤ |∇u| a.e. in Ω. Then (20) is a consequence of (15) in Theorem 3.5. We
then observe that H1

tr,0(Ω) ⊂ H1
tr(Ω) is closed since tr : H1

tr(Ω) → L2(∂Ω, (µθ)θ∈S) is continuous. The
fact that 〈u, v〉 is a scalar product is a consequence of (20).

Before a few examples, we give a simple sufficient condition leading to H1
tr(Ω) = H1(Ω).
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Lemma 4.11. Let (Ωi)i∈I be a countable family of open subsets of Ω, such that

• for any i ∈ I, H1
tr(Ωi) = H1(Ωi),

• for all θ ∈ S, ∂θΩ \
⋃
i∈I ∂θΩi is µθ-negligible,

• for all i ∈ I, ∂̃Ω ∩ ∂̃Ωi ∩
⋃
j 6=i ∂̃Ωj is µθ-negligible for all θ ∈ S (see (6) for the definition of ∂̃Ω).

Then H1
tr(Ω) = H1(Ω).

Proof. Let u ∈ H1(Ω) and let ui ∈ H1(Ωi) be the restriction of u to Ωi for any i ∈ I. We denote by gi a
representative of tr(ui), the trace of ui on ∂Ωi, defined by Definition 4.3. By Lemma 3.9, we have that,
for all θ ∈ S, gi(z) = γθui(z) = γθu(z) for µθ-a.e. z ∈ ∂θΩi ∩ ∂θΩ.

Let us define the function g : ∂Ω → R by g(z) = gi(z) for any z ∈ ∂̃Ω ∩ ∂̃Ωi \
⋃
j 6=i ∂̃Ωj and all i ∈ I,

and g(z) = 0 for any other z ∈ ∂Ω. We then have, for any θ ∈ S, g(z) = gi(z) = γθu(z) for µθ a.e.

z ∈ ∂θΩi ∩ ∂θΩ ⊂ ∂̃Ω ∩ ∂̃Ωi. Since the complementary in ∂θΩ of
⋃
i∈I(∂θΩi ∩ ∂θΩ) is µθ-negligible, we

obtain that, for all θ ∈ S, g(z) = γθu(z) for µθ-a.e. z ∈ ∂θΩ. This implies that the equivalence class of g
in L2(∂Ω, (µθ)θ∈S) is the trace of u in the sense of Definition 4.3.

Example 4.12 Let us consider the example 2.9, that is Ω = [0, 1] \ Cρ, with ρ ∈ (0, 1
3 ). This examples

cannot be handled in the framework of the approximative trace of [2, 16] since the measure Hd−1 is
locally infinite everywhere on ∂Ω. Indeed, we have ∂Ω = Cρ and Ω = [0, 1]. Let un ∈ H1(Ω) ∩ C0(Ω)
converging to u in H1(Ω) as n→∞. The inequality, for all f ∈ H1(]α, β[) ∩ C0([α, β]) and x ∈]α, β[,

|f(x)|2 ≤ 2

∫ β

α

(f(t)2 + (β − α)f ′(t)2)dt,

implies that un uniformly converge to u on Ω. Let ε > 0 be given, let n ∈ N such that |un(x)− u(x)| ≤ ε
for all x ∈ Ω. Let η > 0 be such that |un(x) − un(y)| ≤ ε for any x, y ∈ [0, 1] with |y − x| ≤ η. Then,
for x, y ∈ Ω with |y − x| ≤ η, we have |u(x) − u(y)| ≤ 3ε, which shows that u is the restriction to Ω of
a function which belongs to C0(Ω). But we can find an element of H1(Ω) which is not the restriction
to Ω of a function which belongs to C0(Ω): let us consider the function u, defined on any ]cm, dm[, by
u(x) = x− cm+dm

2 .
In this example, we have H1

tr(Ω) = H1(Ω) since there is no m,m′ ∈ N such that cm = dm′ , so the supports
of γ1 and γ-1 are disjoint, which implies that any u ∈ H1(Ω) has a trace, applying Lemma 4.11. �

Example 4.13 Let us now consider a two-dimensional domain which is connected, but which cannot
have an approximative trace in the sense of [3]. The domain is depicted in Figure 3. We denote, for a
given ρ ∈ (0, 1

3 ], by

Ω =
(

([0, 1] \ Cρ)×]− 1, 1[
)
∪
(

]0, 1[×]− 1, 0[
)
.

Then the boundary of Ω contains Cρ × [0, 1[, which has infinite local Hausdorff measure Hd−1 for ρ < 1
3 ,

since it contains the set Cρ × [0, 1]. But the set ∂̃Ω is given by the union of all the following sets:

• the boundary of ]0, 1[×]− 1, 1[,

• the sets of the form {cm} × [0, 1] and {dm} × [0, 1],

• the set Cρ × {0}.
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Figure 3: Example 4.13. Left: ρ = 1
4 . Right: ρ = 1

3 .

Then Ω is connected and H1
tr(Ω) = H1(Ω), applying Lemma 4.11 with Ω0 =]0, 1[×] − 1, 0[ and Ωm =

]cm, dm[×]0, 1[.
�

Figure 4: Example 4.14. Left: domain Ω, right: function u.

Example 4.14 We consider an example similar to [16, Figure 2]. We define Ω ⊂ R2 (depicted in the left
part of Figure 4) defined by

Ω =]0,
3

10
[×]0, 1[\

⋃
k∈N?

(
[

1

4k + 3
,

1

4k + 2
]× [0,

4

5
] ∪ [

1

4k + 1
,

1

4k
]× [

1

5
, 1]
)
.

We notice that
{0} × [0, 1] = ∂Ω \ ∂̃Ω.
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Then Ω has density 0 at {0} × [0, 1] in the sense given in [16], and the approximative trace defined
in [16] is unique. In this case we also have H1

tr(Ω) = H1(Ω) since Lemma 4.11 applies, letting Ωk =
] 1
4(k+1) ,

1
4k [×]0, 1[∩Ω.

But H̃1(Ω) = H1
tr(Ω) does not hold. Indeed, let us denote

ω =
⋃
k∈N?

(
]

1

4k + 4
,

1

4k + 3
[∪]

1

4k + 2
,

1

4k + 1
[
)
∪]

1

4
,

3

10
[.

Let u ∈ H1(Ω). For a.e. x ∈ ω, we define

Iu(x) =

∫ 1

0

u(x, y)dy.

We then get that Iu ∈ H1(ω) and that, for a.e. x ∈ ω, it holds

(Iu)′(x) =

∫ 1

0

∂1u(x, y)dy.

We then easily get that ‖Iu‖H1(ω) ≤ ‖u‖H1(Ω). Let us consider a sequence (un)n∈N, such that un ∈
H1(Ω) ∩C0(Ω) which converges in H1(Ω) to u. Then the sequence (Iun)n∈N converges to Iu in H1(ω).
As it is the case in example 4.12, this implies that the convergence of (Iun)n∈N to Iu is uniform.
Reasoning as in the example 4.12, we get that, since Iun(x)→ Iun(0) as x→ 0, this implies that Iu(x)
has a limit as x→ 0. Let us define the function u (depicted in the right part of Figure 4) in the following
way:

• u(x, y) = 0 for a.e. (x, y) ∈] 1
4 ,

3
10 [×]0, 1[;

• ∂1u(x, y) = 0 for a.e. (x, y) ∈ Ω;

• ∂2u(x, y) = 5
3 (k1/4 − (k − 1)1/4) for a.e. (x, y) ∈] 1

4k+2 ,
1

4k+1 [×] 1
5 ,

4
5 [ for all k ∈ N?;

• ∂2u(x, y) = 0 for a.e. (x, y) ∈ Ω \
⋂
k∈N? ] 1

4k+2 ,
1

4k+1 [×] 1
5 ,

4
5 [;

Then (k − 1)1/4 ≤ u(x, y) ≤ k1/4 for a.e. (x, y) ∈ Ω∩] 1
4k+4 ,

1
4k [×]0, 1[, which enables u ∈ L2(Ω). It is

clear that ∇u ∈ L2(Ω), hence u ∈ H1(Ω). This shows that Iu(x) → +∞ as x → 0. Hence u cannot be
the limit in H1(Ω) of a sequence (un)n∈N, such that un ∈ H1(Ω) ∩ C0(Ω).

�

A Regularity along lines in Wθ(Ω)

In this section, for the simplicity of the notation, we consider the case where θ is the first vector of the
canonical basis of Rd, and we denote in this section by ∂1ϕ, for any ϕ ∈ C∞c (Ω), the partial derivative
of ϕ with respect to its first argument. For any u ∈ L2(Ω), we say that ∂1u ∈ L2(Ω) if there exists
v ∈ L2(Ω) such that

∀ϕ ∈ C∞c (Ω),

∫
Ω

u(x)∂1ϕ(x)dx = −
∫

Ω

v(x)ϕ(x)dx.

In this case, v is uniquely defined, and we denote by ∂1u = v. We then define

W1(Ω) = {u ∈ L2(Ω); ∂1u ∈ L2(Ω)}.

18



Then W1(Ω) is a Hilbert space, with the scalar product

〈u, v〉1 =

∫
Ω

(u(x)v(x) + ∂1u(x)∂1v(x))dx.

For any x = (s, y) ∈ Rd, we denote P1(x) = y, and we define the following sets:

P1(Ω) = {y ∈ Rd−1;∃s ∈ R, (s, y) ∈ Ω} and ∀y ∈ P1(Ω), ω1(y) = {s ∈ R such that (s, y) ∈ Ω} ⊂ R.

We have the following lemma.

Lemma A.1. Let u ∈ W1(Ω). Then, for any representative of u and any representative of ∂1u, again
denoted by u and ∂1u, there exists a measurable set A1 ⊂ P1(Ω) whose complementary in P1(Ω) is λd−1-
negligible such that, for all y ∈ A1, the function defined for all s ∈ ω1(y) by f(s) = u(s, y) is such that
f ∈ H1(ω1(y)), with, for λ-a.e. s ∈ ω1(y) (for the Lebesgue measure of R), Df(s) = ∂1u(s, y), where we
denote by Df the weak derivative of f in the open set ω1(y).

Proof. The representatives u and ∂1u are such that u ∈ L2(Ω) and ∂1u ∈ L2(Ω). The lemma will be
proved by showing that, for a.e. y ∈ P1(Ω), for all i ∈ I(y), the functions f := u(·, y) and g := ∂1u(·, y)
are such that

f ∈ L2(ω1(y)), (21)

g ∈ L2(ω1(y)), (22)

Df = g, (23)

We could as well write, for given y, g = ∂1u(·, y) and Df = D(u(·, y)) (notice the role of the parentheses).

Step 1

Applying Fubini-Tonelli’s theorem gives, with extending u by 0 outside Ω,∫
Rd−1

( ∫
R
u(x, y)2dx

)
dy =

∫
Ω

u(z)2dz < +∞.

A more precise consequence of Fubini-Tonelli’s theorem is that the mapping y 7→
∫
R u(x, y)2dx is a

measurable mapping from Rd−1 to R (in the sense that it is a.e. equal to a measurable function) and
integrable. We therefore have, for a.e. y ∈ P1(Ω), u(·, y) ∈ L2(ω1(y)). This concludes the proof of (21).
The same reasoning, applied to ∂1u, provides the proof of (22).

Step 2 Proof of (23) by regularisation.

Let us denote by B the set of all open sets under the form
∏d
k=1]αk, βk[, with αk, βk ∈ Q, such that

∀K ∈ B, K ⊂ Ω.

We have that B is countable, and that

Ω =
⋃
K∈B

K.

For a given K =
∏d
k=1]αk, βk[∈ B, let us first prove (23) on ]α1, β1[ for a.e. y ∈ K1 :=

∏d
k=2]αk, βk[.

Let A1 be the set of all y ∈ K1 be such that (21) and (22) hold.

Let us define the mollifying function ρ ∈ C∞c (R,R), ρ ≥ 0, ρ(x) = 0 if |x| > 1,
∫
R ρ(x)dx = 1.

For any n ∈ N?, let us define ρn(x) = 1
nρ(nx) (x ∈ R).
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For all y ∈ A1, n ∈ N?, we define un(x, y) = u(x, y) ? ρn :=
∫ β1

α1
u(s, y)ρn(x − s)ds. Hence un(·, y) ∈

C∞(]α1, β1[,R) and u′n(x, y) =
∫ β1

α1
u(s, y)ρ′n(x− s)ds. For any y 6∈ A1, we set u(·, y) = 0.

Let m ∈ N? be such that 1/m < (β1 − α1)/2. We set Im =]α1 + 1
m , β1 − 1

m [.

Let ψ ∈ C∞c (K1,R). We then have, for any x ∈ Im and any n > 2m, support(ϕ) ⊂ K, letting
ϕ(s, y) = ρn(x − s)ψ(y). We can then write, since ∂1 is the weak derivative with respect to the first
coordinate,∫

K1

u′n(x, y)ψ(y)dy =

∫
K

u(s, y)ρ′n(x− s)ψ(y)dsdy =

∫
K

∂1u(s, y)ρn(x− s)ψ(y)dsdy, (24)

since ∂1ϕ(s, y) = −ρ′n(x− s)ψ(y).

We define v on K by letting, for any y ∈ A1 and x ∈]α1, β1[, v(x, y) =
∫ x
α1
∂1u(s, y)ds. Hence we have

v(·, y) ∈ C([α1, β1],R) and Dv = ∂1u(·, y) on ]α1, β1[ [13], and for any y ∈ K1 \A1, v(·, y) = 0.

We repeat the regularisation method on v: we define, for any n ∈ N?, vn(·, y) = v(·, y)?ρn :=
∫ β1

α1
v(s, y)ρn(x−

s)ds.

Let y ∈ A1, m ∈ N? such that 1/m < (β1 − α1)/2, and n ∈ N? with n > 2m. For x ∈ Im, v′n(x, y) =∫ β1

α1
v(s, y)ρ′n(x− s)ds =

∫ β1

α1
Dv(s, y)ρn(x− s)ds.

Since Dv = ∂1u(·, y) on ]α1, β1[,

v′n(x, y) =

∫ β1

α1

∂1u(s, y)ρn(x− s)ds.

Let ψ ∈ C∞c (K1,R). We have∫
K1

v′n(x, y)ψ(y)dy =

∫
K

∂1u(s, y)ρn(x− s)ψ(y)dsdy.

Using (24), we get ∫
K1

(un − vn)′(x, y)ψ(y)dy = 0.

Now only considering x ∈ Q∩ Im, using the countability of Q and N, we get that for a.e. y ∈ K1, m with
1/m < (β1 − α1)/2 and n > 2m,

(un − vn)′(x, y) = 0.

Therefore, since un(·, y) and vn(·, y) are elements of C∞(]α1, β1[), (un − vn)′(x, y) = 0 on Im. Hence
(un − vn)(·, y) is constant on Im. Letting n→∞, we get that the function (u− v)(·, y) ∈ L2(]α1, β1[) is
constant on Im. Letting m→ +∞, we get that (u− v)(·, y) ∈ L2(]α1, β1[) is constant on ]α1, β1[.

We therefore obtain that, for a.e. y ∈ K1, u(·, y) ∈ H1(]α1, β1)[ and D(u(·, y)) = ∂1u(·, y).
Since B is countable, for a.e. y ∈ P1(Ω), the functions u(·, y) ∈ L2(ω1(y)), ∂1u(·, y) ∈ L2(ω1(y)) are such
that, for all K ∈ B such that ]αK1 , β

K
1 [⊂ ω1(y), u(·, y) ∈ H1(]αK1 , β

K
1 [) and D(u(·, y)) = ∂1u(·, y).

This yields u(·, y) ∈ H1(ω1(y)) and D(u(·, y)) = ∂1u(·, y) on ω1(y).

Remark A.2 We could as well notice that the mapping y 7→ u(·, y) is measurable from Rd−1 to L2(R),
owing to the separability of L2(R). But this property is not used in this proof. �
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Lemma A.3. Let α < β be two reals and let f ∈ H1(]α, β[) ∩ C0([α, β]) be given. Then the following
properties hold:

f(β) =
1

β − α

∫ β

α

(
f(t) +Df(t)(t− α)

)
dt, (25)

max(f(β)2, f(α)2) ≤ ‖f‖2H1(]α,β[)

2 max(1, (β − α)2)

β − α
, (26)

(f(β) + f(α))2 ≤ ‖f‖2H1(]α,β[)

4 max(1, (β − α)2)

β − α
(27)

and (f(β)− f(α)

β − α

)2

≤ ‖f‖2H1(]α,β[)

1

β − α
. (28)

Moreover, if f(β) = 0, then
‖f‖L2(]α,β[) ≤ (β − α)‖Df‖L2(]α,β[). (29)

Proof. If f ∈ C1([α, β], we can write f(s) = f(t) +
∫ s
t
Df(w)dw. Introducing the function Ψ(s, t) = t−α

for t < s and Ψ(s, t) = t− β for t > s, we can write

∀s ∈ [α, β], f(s) =
1

β − α

∫ β

α

(f(t) +Df(t)Ψ(s, t))dt.

It yields, applying the Cauchy-Schwarz inequality,

∀s ∈ [α, β], f(s)2 ≤ 2

β − α

∫ β

α

(f(t)2 +Df(t)2(β − α)2)dt,

and therefore we get (26). We therefore deduce (27). Finally, writing

f(β)− f(α) =

∫ β

α

Df(t)dt,

we get (28). Finally, if f(β) = 0, we have for any s ∈ [α, β],

f(s) = −
∫

]s,β[

Df(t)dt,

which yields

f(s)2 ≤ (β − s)
∫

]s,β[

Df(t)2dt ≤ (β − α)‖Df‖2L2(]α,β[).

Integrating the preceding inequality with respect to s ∈ [α, β] provides (29).

B Bounded integrability with respect to a family of measures

Let (E, T ) be a measurable set, where we denote by T a given σ-algebra on the set E. Let (mθ)θ∈S be a
family of measures on (E, T ). We define L1(E, T, (mθ)θ∈S) as

L1(E, T, (mθ)θ∈S) = {f : E → R,∃M ≥ 0, ∀θ ∈ S,

∃g ∈ L1(E, T,mθ), f = g mθ − a.e. and

∫
E

|g|dmθ ≤M}.
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We then say that two elements f, g ∈ L1(E, T, (mθ)θ∈S) are equivalent if f = g mθ-a.e. for all θ ∈ S, and
we define the set L1(E, T, (mθ)θ∈S) of all the equivalence classes of the elements of L1(E, T, (mθ)θ∈S).
Then, for any f ∈ L1(E, T, (mθ)θ∈S) and θ ∈ S, we define

∫
E
fdmθ :=

∫
E
gdmθ, where g ∈ L1(E, T,mθ)

is any representative of f . We define a norm on L1(E, T, (mθ)θ∈S) by

∀f ∈ L1(E, T, (mθ)θ∈S), ‖f‖L1(E,T,(mθ)θ∈S) := sup
θ∈S

∫
E

|f |dmθ.

Remark B.1 In the preceding definition, we do not require that the elements of L1(E, T, (mθ)θ∈S) be
measurable, but only equal mθ-a.e. to a measurable function for all θ ∈ S. �

Lemma B.2. The space L1(E, T, (mθ)θ∈S) is a Banach space.

Proof. We follow the proofs of [10, Théorèmes 4.47 and 4.49].

Let (fn)n∈N be a Cauchy sequence in L1(E, T, (mθ)θ∈S), and let us also denote by fn ∈ L1(E, T, (mθ)θ∈S)
a representative of fn for any n ∈ N.

Step 1. For any n ∈ N, we choose ϕ(n) ∈ N such that, for any p, q ≥ ϕ(n), supθ∈S
∫
E
|fp−fq|dmθ ≤ 2−n

and ϕ(n) > ϕ(n− 1) if n ≥ 1.

Step 2. We define the series of functions (gn)n∈N with general term gn := fϕ(n+1) − fϕ(n). From the
definition of the subsequence ϕ, we have supθ∈S

∫
|gn|dmθ ≤ 2−n for any n ≥ 0. We define the measurable

function G : E → R+ ∪ {+∞} by

∀x ∈ E, G(x) =
∑
n∈N
|gn(x)| ∈ [0,+∞].

For any θ ∈ S we have ∫
E

Gdmθ =
∑
n≥0

∫
E

|gn|dmθ ≤
∑
n≥0

2−n = 2.

This implies that mθ(E \ A) = 0 for any θ ∈ S where A = {x ∈ E such that G(x) < +∞}. We replace
G(x) = +∞ by G(x) = 0 for any x /∈ A. In particular for any x ∈ A we have that the real series with
general term gn(x) is absolutely convergent. We define the measurable function f : E → R by

∀x ∈ A, f(x) = fϕ(0)(x) +
∑
n∈N

gn(x) and f(x) = 0 for any x /∈ A.

Step 3. Since, for any N ≥ 1,

∀x ∈ A, fϕ(N+1)(x) = fϕ(0)(x) +

N∑
n=0

gn(x),

we get that, for all θ ∈ S and all x ∈ A, fϕ(N)(x) → f(x) as N → +∞ and, for mθ-a.e. x ∈ E, it holds
|fϕ(N)(x)| ≤ |fϕ(0)(x)|+G(x). By the dominated convergence theorem, we get that f ∈ L1(E, T,mθ) (in
the sense that there exists gθ ∈ L1(E, T,mθ) such that f = gθ µθ-a.e.) and

∫
E
|f−fϕ(N)|dmθ → 0 as N →

+∞. This implies that
∫
|f |dmθ is bounded independently of θ ∈ S, and therefore f ∈ L1(E, T, (mθ)θ∈S).

Step 4. Let n ∈ N such that n ≥ ϕ(0) and let Nn ∈ N be such that ϕ(Nn) ≤ n < ϕ(Nn + 1). Then, for
any θ ∈ S,∫
E

|f − fn|dmθ ≤
∫
E

|f − fϕ(Nn)|dmθ +

∫
E

|fϕ(Nn) − fn|dmθ ≤
∑

k≥Nn+1

∫
E

|gk|dmθ + 2−Nn ≤ 2−Nn+1.
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This proves that
lim
n→∞

‖f − fn‖L1(E,T,(mθ)θ∈S) = 0,

and concludes the proof of the lemma.
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